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Preface 


The present book represents a definitive statement of the results obtained by 
the late Mr. R. E. A. C. Paley and myself during Mr. Paley’s year as Rockefeller 
Fellow at the Massachusetts Institute of Technology (1932-1933). Mr. Paley 
was killed on April 7 in a skiing accident in the Canadian Rockies, during a short 
vacation which he had taken from our joint work. I have written elsewhere of 
the great loss to mathematics by his death; here let me only state the condition 
in which our joint work was left. Our method of collaboration had been most 
informal. We had worked together with a blackboard before us, and when we 
had covered it with our joint comments, one or the other would copy down what 
was relevant, and reduce it to a preliminary written form. Most of our work 
went through several versions, in writing which both authors took part. Even 
in that part of the research committed to writing since Mr. Paley’s death, it is 
completely impossible to determine how much is new and how much is a reminis- 
cence of our many conversations. 

A part of our work was published in the form of a series of notes in the Trans- 
actions of the American Mathematical Society. This work covered a great 
variety of topics, but was unified by the central idea of the application of the 
Fourier transform in the complex domain. I had long been convinced of the 
importance of the Fourier-Mellin transforms as a tool in analysis. Their intro- 
duction is of course no novelty, but I know of no systematic development of their 
methodical use. Perhaps the nearest approach to such a development is to be 
found in the researches of H. Bohr, Jessen and Besicovitch on almost periodic 
functions in the complex domain. However, nobody seems to have realized 
anything like the scope of the method. With its aid, we were able to attack such 
diverse analytic questions as those of quasi-analytic functions, of Mercer^s 
theorem on summability, of Milners integral equation of radiative equilibrium, 
of the theorems of Miinz and Szdsz concerning the closure of sets of powers of 
an argument, of Titchmarsh's theory of entire functions of semi-exponential type 
with real negative zeros, of trigonometric interpolation and developments in 
polynomials of the form 

N 

1 

of lacunary series, of generahzed harmonic analysis in the complex domain, of the 
zeros of random functions, and many others. We came to believe that an ana- 
lytic method of such scope is entitled to an independent treatise. 

The American Mathematical Society has done me the honor of requesting me 
to deliver the Williamstown Colloquium Lectures for 1934. While such lectures 
have not previously been an account of collaborative work, my best available 
work has been collaborative, and I have offered it for the lectures in question. 
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PREFACE 


I wish to thank the American Mathematical Society for its invitation, and for its 
acceptance of our plans. I wish to thank my students, Messrs S. S. Saslaw, 
H. Malin, and N. Levinson, for most valuable and painstaking work of revision, 
compilation, and criticism. Mr. Levinson, in particular, has added much to the 
content of Chapter I. I wish to thank my colleague. Professor Eberhard Hopf, 
for permission to incorporate into this book the material of § 17 , which was our 
joint work. Furthermore, in my own name and in the name of my dead 
co-author, I wish to thank Professor J. D. Tamarkin of Brown University for his 
untiring encouragement, advice, and criticism, without which this book would 
not have come into existence. 

Norbert Wiener. 

Massachusetts Institute of Technology, 

Cambridge, Massachusetts, March 1 , 1934 . 
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Introduction 


1. Plancherel’s Theorem. In a book such as the present, unified rather 
by the repeated use of a number of methods than by a great homogeneity of 
content, it is quite necessary to start with a brief account of the background of 
scientific knowledge presupposed and a tabulation of the principal methods. 
The background of knowledge presupposed in the greater part of this treatise is 
roughly that covered in Titchmarsh's very useful Theory of Functions. The 
tools most used are the following: 

(1) Integration by parts, and other similar inversions of the order of an abso- 
lutely convergent double integral; 

(2) The ^ ^mutilation'' of the function: that is, the replacement of a function 
by a function identical with the first over a finite range, and vanishing outside 
that range; 

(3) The Schwarz inequality 


( 1 . 01 ) 


^ \ fix) gix) \ dx ^ |/(x)pdx^ 1 j/(x) 


■ dx. 


and similar inequalities for sums, series, etc. ; 

(4) The Weyl form of the Riesz-Fischer theorem, to the effect that if a 
sequence of functions Ifn(x) } of L 2 converges in the mean in the sense 

(1.02) lim f I /„(x) - /n(x) |» dx = 0, 

m,n— *<» Ja 

then there exists a function /(x) of Lj to which the sequence converges in the 
mean in the sense 


(1.03) lim f I f„(x) — fix) p dx = 0. 

m— ♦00 Ja 

(5) The theorem that if a sequence of functions converges in the mean to one 
limit, and converges in the ordinary sense to another, then these two limits 
differ at most over a null set; 

(6) Methods of summability and averaging, in particular theorems of Abelian 
and Tauberian types:* 

(7) Methods depending on the Plancherel and the Parseval theorems con- 
cerning Fourier transforms. f 

* Cf. Wiener, The Fourier Integral and Certain of its Applications^ Cambridge, 1933. 

The Tauberian theorems of this book are not to be found in the book of Titchmarsh. 

t A good elementary study of such questions is to be found in S. Bochner’s Vorlesungen 
liber Fouriersche Integrate, Leipzig, 1932. The treatment in Wiener’s book (see above) is 
slightly more advanced. 
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INTRODUCTION 


Throughout this book we shall assume on the part of the reader familiarity 
with the theory and use of the Lebesgue integral and with the appropriate 
notations. In particular, we shall make repeated use of the notation L to 
represent the class of measurable, absolutely integrable functions, and of the 
notation Lp for the class of those measurable functions, the pth power of whose 
modulus is integrable. However, we shall have little to do with other classes 
than L and L 2 . 

In the theory of the Fourier integral, the fundamental theorem for the class 
Lz is that of Plancherel It reads as follows: 


Plancherel’s Theorem. Let f(z) belong to Lz over (— <», 00). Then there 
exists a function g(u) belonging to Lz over (— 00 ^ 00 ), and such that 


(1.04) 

Furthermore 

(1.05) 

and 

(1.06) 



(27r)’ 


1/2 


j /(x) dx 


du = 0. 



g(u) du 



2 dXj 



dx = 0. 


The function g{u) is called the Fourier Transform of f{x). It is determined except 
over a set of points of zero measure. 


In case 
(1.07) 


h{u) 


(27r)”i/2 



e^^-^ dx 


exists, we have g{u) = h{u) almost everywhere. 

An important corollary of PlanchereUs theorem is 


Parseval’s Theorem. Letfi{x) andfzix) both belong to L2, and let them have 
the Fourier transforms gi{u) and gziu)^ respectively. Then 


(1.08) 

In particular, 
(1.09) 


/; 


9i(m) gziu) du 


/>■ 


ix)h{-x) dx. 


/: 


gi{u) gz(u) 6-*“^ du = / fi{y)U{x - y) dy 




Thus, if g\{u) gz{u) belongs to Lz as well as both its factors, it is the Fourier trans- 
form of 


( 1 . 10 ) 


(27r)-‘/2 j fj{y) f^(x — y) dy. 


This will also be true whenever fi{x),ft{x), and (1.10) all belong to Li. 
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2. The Fourier transform of a ftmction vanishing exponentially. Let us 

suppose that f{x) is measurable, and of summable square over any finite 
interval. Let 


( 2 . 1 ) 


fix) = 


Oieri‘^) 

Oie^’^) 


[x-* Qo]; 
[x — oo]. 


In case — \ < a < ii, the Fourier transform of f{x) e'* will then be 

(2.2) Fia,t) = (27r)-‘/2 

However, this converges absolutely and uniformly over every range — X + 6 < 
(7 < /X — 6. Thus by a well known theorem from the theory of functions of a 
complex variable, 

(2.3) Fia + it) = F(cr, i) 

will be an analytic function of o- 4- it over the interior of tlie strip — \ < a < fx. 
Furthermore, over any strip — X + €<<T</i--€we shall have 

\ I F(o-, t)\^ dt — I I fix) dx 

e^*=^dx = const. 

We have thus proved 




‘ 7 . 


< const. / dx + const 


I 


Theorem I. If fix) is measurable, of summable Square over every finite interval, 
and a function satisfying {2.1), for — \ < fi, then (2.2) defines a function F {<r + it) 
analytic over the interior of the strip — \ < a < u', and over any interior strip 
— X+e^cr^/i — e, Fi<r + it) dt is bounded. 


3. The Fourier transform of a ftmction in a strip. Let F (<7 -|- it) be a 

function of the complex variable s = a + it, which is analytic in and on the 
boundary of the strip — \ ^ a ^ fi, and let 


(3.01) 



Fir + it) p dt < const. 


[ — X g O' g /ij. 


Then by Cauchy’s theorem, if A is large enough and — \ < a < u, 


1 r /*— X— Ai r ft— At r fi+Ai /*— x+^i“| 

(3.02) Fis) =~ + / • + / + / f^dz. 

L./ — X4-^» J—\~~At J fi—Ai J n-\-At „ 2 S 


By a further integration, if B is large enough. 



4 


INTRODUCTION 


Now, 


(3.04) 


1 Fiz) , 

2si. •‘^u 

* s /" * {!”' ' I’ 

^ const, da 1^"^' I F(<r + tO I* dt 

By (3.01) it follows that 

r f /•fi+i )i /2 

< / I F{a + it) dt> < const., 

f ) 1/2 

lim < / I F(<r + tO ^ = 0. 

^ B -»00 J 


F(z + At) 


dA 


z + Ai — 8 
ff j z “t* Ai s 


112 


(3.05) 


It is a familiar theorem in the theory of the Lebesgue integral, that if a sequence 
of integrable functions converges boundedly to a limit, and the integral of that 
limit exists, then the limit of the integral of a function of the sequence is the 
integral of the limit. Thus 

(3.06) lim ^. / dA \ dz = 0. 

B-»oo ^TTt Jb Jn+Ai Z — S 

Similarly, 


(3.07) 

Thus 


J tb+i r fi-Ai \ 

lim dA dz = 0. 

B-»Qo 27rz Jb J—x-a% 2 5 

F(s) = liml f^'dA - fSz} . +Jy^ \dy 

B -.00 2ir Jb J-a + - s ~X + - sJ 

. ita (1 flk±A>,y _ 1 [■ + iy) 

B— *00 (27r J—B M "f” ^ ^TT J~B ^ ^ 


+ 


(3.08) 


-T 

2x Jb 


(B+l-y) 
n + iy - « 


Biti + iy) dy 


+ 


ir 

2jr J-B-i 


_ 1. f”*' 

•2t is 


(B + 1 — 2/) F(— X + iy) 


-X + iy - s 


du 


(B + l + y) Fin + iy) 


n + iy - s 


dy 


ir 

2t J-b-1 


(B + l + y) Fi-\ + iy) ) 
-\ + iy-8 T 
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(B + 1 — y) F(m + iy) 
M + iy - « 




(3.09) 


g const. 


g.± , iz i ^ ' dy 

+ ^y — s 

I /^(m + iy) i’* dy 

I F(^^ + iy) P dy] 


lim — / 
27r J B 


dy = 0. 


It follows at once from (3.01) that 

<«»> 

A similar argument will enable us to eliminate three more terms from (3.08), 
and we get 

(3,n) n.) - 1 r - H' 4^. *• 

27 r J~oo II ly — s 27 r J—co — \ ly s 

This is a sufficiently important result to be numbered as a theorem. We have 

Theorem II. Let F(s) be analytic over — X ^ <t ^ let (3.01) hold over 

this region. Then if s is interior to this regiony (3.11) is valid. 

The use of the Schwarz inequality gives us 


(3.11) F{s) 


si 

2ir J—m {y -f- iy — s) 27r 


F(y + iy) 1^ dy 


f'r 

|m 


^ 

+ iy- 


Theorem III. Under the hypothesis of Theorem II, F{s) is bounded over any 
region — X+^ = ^ = M—€. 


Let us put 
(3.13) 


/(a, x) = ( 27 r )“^/2 / F((t 4- it) e~^^^ dt. 


Let us also put 

(3.14) it>(x) = 0 [x < 0]; <t>(x) = [x > 0]; a > 0. 


We shall have 
(3.15) 


4>{x) dx 




^ixy-ax _ 


oL — ly 


Plancherers theorem yields 


(3.16) 


f* e"'*** 
J-A a- iy 


0 [x < 0] . 


c““* [x > 0] 


if a > 0. 
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Similarly, if « < 0 , 


(3.17) 




JjT J-A Ot — h 


— e““* [z < 0] 

0 [x > 0]. 


Thus by the Parseval theorem, since — \ — e, 

/■<> 1 r°° F( — \ + iv) 

(3.18) jfy(-x,x).<-»v..dx . 

In exactly the same way. 


(3.19) 




;) gXl dx 


1 r P(m + 

(2ir)‘'2 j-cc [m - tr - (I - y)t-] 


Thus by (3.11) 

(3.20) P(«) - /"/(-X,x).>-“-«'“*+ /■ 

Another use of Plancherers theorem gives us 

[/(-X, x)e('+’'>" 


(3.21) 


/(<r, x) = 


/(fi, x) 


and consequently if for a particular a 
(3.22) /(z) = /(a, x)e- 


we get 
(3.23) 


/(a-, z) == /(x)e" 


/(/i,x)e<'^'‘’*e“*dx. 

[ — ■» < X < 0]; 
[0 < X < 00 ]; 

[— X < a < /i], 

[- X < <7 < /i]. 


An immediate result is that 


(3.24) 


lim / I /(<r, x) — f(ari, x) p dz = 0. 

a — 0 J A 


Moreover, if B is positive and A negative, 


f{a, x) I* dx 




x) dx, 


/j/(x, 


x) p dx 


/(—X, x) p dx. 


As a consequence, 
(3.27) 




/(ff, x) - /(<7i, x) p dx = 0. 
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Thus by Weyl’s lemma to the Riesz-Fischer theorem, there exists in Lj a func- 
tion /i(x) such that 


(3.28) 


lim f I f(<T, x) - fi{x) p dx = 0. 


By a Fourier transformation and the use of Plancherel’s theorem, there exists a 
function Fi{t) such that 


(3.29) 


lim f I F((t + it) - FM |2 (it = 0. 

a— ♦/! — 0 J— » 


However, we already know that 

(3.30) 
and hence, 


lim F(<t + it) = F(/i + 


lim / I F(cr 4- it) — F(fjL -j- it) 1^ dt = 0. 
— 0 J—°o 


(3.31) 

By a further Fourier transformation, 


]j 


. p 

im / 

»/i-0 


I fix, x) - fin, x) P dx = 0. 


(3.32) 

Similarly, 

(3.33) lim j I /(a, x) — /(~X, x) |2 dx = 0. 

— X4 0 J-°o 

However, 

(3.34) lim /((7, x) = /(-X, x) 
and 

(3.35) lim fix, x) = fin, x) 

a X 

Thus with the possible exception of a null set. 


[—00 < X < 0 ], 
[0 < X < eo]. 


(3.36) fix, x) = fin, x)e<‘’“'‘''' = /(— X, x)c''’+^>* [— oo < x < oo]. 

This yields us 

Theorem IV. Under the hypotheses of Theorem II, there exists a measurable 
function fix), such that 

(3.37) / I fix) p dx < 00 , r 1 fix) p dx < oo , 

J-ao J-oo 

and that over the closed interval — \ ^ <t ^ fx, 

F{a + it) = 1. i.m. ( 27 r )~^^2 j dx, 

A-*oo J~-A 


(3.38) 
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It follows from Theorems I and IV that the extreme boundaries of the interval 
over which F(or + it) belongs uniformly to L 2 as a function of t are given by the 
boundaries of convergence of the integral 



2 ^2*^* dx. 


4. The Fourier transform of a function in a half-plane. In particular, 
F(or + it) will belong to L 2 in every ordinate of a right half-plane when and 
only when 

(4.01) j I fix) e*" dx < oa 

for all sufficiently large a, and will belong to L 2 uniformly in such a half-plane 
when and only when 

(4.02) lim / \ f{x) dx < co, 

a— »ao J—ao 


This latter contingency can only occur when/(x) vanishes almost everywhere for 
positive values of its argument. Otherwise there will be some interval (a, b) 
[6 > a > 0] over which 


(4.03) 



2 da: = / > 0. 


We shall then have 

(4.04) j \ fix) [2 e2^* dx ^ I, 
which is contrary to our assumption. 

Conversely, if fix) vanishes for positive values of its argument, and if, for 
some X, 

(4.05) j I fix) |2 6''2^* dx < CO ^ 

the function F(<r + it) defined by (3.38) will belong uniformly to L 2 as a function 
of ^ for (T ^ — X. In particular, we have 


Theorem V. The two following classes of analytic functions are identical: 
(1) the class of all functions Fi<r + it) analytic for <r > 0, and such that 


(4.06) 



Fi<T + it) |2 dt < const. 


[0< <r< cx)]; 


(2) the class of all functions defined by 
(4.07) Ficr + it) = l.i.m, ( 27 r )“^'2 j f{x)e^^^'^^^^ dx, 

A-*oo J~~A 

where fix) belongs to L 2 over (- =0,0). 
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We shall have 
(4.08) 


Li.m. F((r + 0) = l.i.m. j J{x) e“* dx. 

ir-»0 J-A 

5. Theorems of the Phragmfin-Lindelof type. Let us again consider functions 
F(<r + it), analytic over — X ^ <r ^ /x. Let us assume that 

(5.01) y” 1 F(-X + it) p < « , J_^\ F(m + it) Nt < 00 , 

[— X ^ (T ^ /x]. 


and that 

(5.02) I F(ff + it) I < M 

In place of (3.04) we shall have for sufficiently large B 

2ti Jb J^+Ai Z - s 27r J-x Jb 


(5.03) 


MdA 


I 2 + i4.i — 5 I 


M(m + X) 1 


= 27r 


so that (3.08) is established as before. Thus (3.11) is valid) and the whole 
argument up to (3.21) is repeated unchanged. The sole difference is that the 
argument this time is so turned as to prove that F{a it) is the Fourier trans- 
form of a function /((T, x) belonging to L 2 , instead of initially assuming it, or the 
equivalent fact that F{a + it) belongs uniformly to L 2 . 

It results immediately from (3.21) that /(or, t) belongs uniformly to L 2 over 
(— \j ^l)f and hence that F{<t + it) belongs uniformly to L 2 over this interval. 
We have thus proved 

Theorem VI. If (5.01) and (5.02) are satisfiedf the hypotheses and hence the 
conclusions of Theorems II, III, and IV are valid. 

We now appeal to the classical theorem of Phragm^n and Lindelof.* This 
asserts that if F{(t + it) is analytic for — X g (t g /x, if 

(5.04) F{a + it) = O(e*^0 [p < M + X], 

and if F(— X -b it) and F{y -f it) are bounded, then F{(t -f it) is bounded for all 
t and for — X g (7- g M* Without any assumption further than that F{s) be- 
longs to L 2 for the ordinates at — X and fi, it will then follow that if F(s) is 
analytic up to and including these ordinates and in the strip between them, and 
if (5.04) is fulfilled, the analytic function 

(5.05) F,{a + it) = i / F{a + ir) dr ^ F(s) ds 


E. C. Titchmarsh, Theory of Functions^ p. 178 ff. 



10 


INTRODUCTION 


will be bounded and will satisfy (5.04), and hence by the argument with which 
we have proved Theorem VI, 

(5.06) / I F.{<r + tt) l^dt^ I | F.( -X + it) dx + f | F,(n + it) P dt 

7—00 J-CC 7-00 

[-X g (T g p]. 

However, it is a well known theorem that if </>(x) belongs to Lj, 

1 

(5.07) 1. i.m. - I <t>{0 d^ = <l>(x). 

€-♦0 ^ J X 

Moreover, we have 

f I F((r + it) |2 dt — lim j | F«((j + it) dt 
Ja €-»0 7-* 

and hence 


(5.08) 


i: 


F(-\ + it) \^dt+ I F(u -f it) 1* dt, 


(5.09) 

This yields us 




+ it) |2 dt < const. 


[~X g (T ^ m]. 


Theorem VIL If F{s) is analytic over — X ^ a- g /i, t/ (5.01) is satisfied, and 
if (5.04) is satisfied, the conclusions of Theorems II, III and IV are valid. 

We now turn our attention from the strip to the half-plane. Let F{s) be 
analytic for a ^ 0, let 


(5.10) 

and let 

(5.11) 

As before, we have 


/- 


F{it) p dt < 00 , 

F{<t + it) 1 ^ const. 


[0 ^ <r < <»]. 


(5.12) F(s) = lim 1 dA ^^]dy, 

2ir Jb J-a (fi + ty — s ly — s) 


provided p is large enough. This may be written 

F(p + iy) 


< r B+ 1 f ^ w 
(5.13) F(s) = lim— dA - 
B— * J B J-A M 


2ir J-K ty — s 


-\-ty - s 

by the argument of (3.10) and (3.11). Now if p is large enough, and 

3i(s) > 0 



[5] 

we have 
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(5.i4) 


I 2t jfl J-a{h + iy - s lA + ty - Sij 


g const. 



dy 

I /I + it/ - « 1 1 M + *2/ - Si 


= o(l) as /I — > 00 . 


This is only possible if 
(5.15) F{s) = const. 


_ 1 f* 

2ir J-x iy — 


dy. 


If we put 

(5.16) 

we obtain 

(5.17) 




= 1. i. m. (27r)~‘^* j fix) e'‘^ dx, 
J— A 


_ /■” Fiiy) _1_ /■' 

2xi_»it/-s^ (2tr)‘/»j-. 


/(x) dx 


as in (3.18). Therefore 

(5.18) -1/ 


Pjiy) 

•OO 5 


dy 


belongs uniformly to L 2 for (t > 0, and converges in the mean to a function of L 2 
as cr — > + 0. Thus the constant in (5.15) belongs to L 2 and vanishes, and we 
have 


(5.19) 


F{s) 


= r niy) 

2t J_oo iy — 


dy. 


This yields us 

Theorem VIII. If F{s) is bounded and analytic over 0 g cr < 00 and if (5.10) 
is satisfied, (4.06) is satisfied, and we may write F{s) in the form (4.07). 

If we now introduce the form of the Phragm^n-Lindelof theorem which asserts 
that if F{it) is bounded and if uniformly for all 6 in { — tI2, 7r/2) 

(5.20) lim i I log F(te^) 1 == 0, 


then F{s) is bounded in the half-plane 0 g <r < 00 , an argument quite similar to 
that by means of which we have proved Theorem VII will establish 

Theorem IX. Let F{s) be analytic over 0 g <r < 00 and let (5.10) be satisfied. 
Let (5.20) be satisfied. Then (4.06) is satisfied, and we may write F{s) in the 
form (4.07). 
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6. Entire functions of exponential type. We now come to the consideration 
of a class of entire functions which we shall know as E. The class E consists of 
all entire functions F{z) for which, along the real axis, 


( 6 . 01 ) 



Fix) I* dx < 


00 


while there exists a constant A such that 

(6.02) Fiz) = o(e‘"‘')- 


Now, the function 

(6.03) F{iw) dw = G{z) 

is bounded over the imaginary axis and the positive real axis, and is at most of 
exponential growth. Thus by one form of the Phragm4n-Lindel6f theorem, it 
is bounded in the right half-plane, and satisfies the conditions laid down in the 
hypothesis to Theorem IX. Thus we may write 

(6.04) G(z) = [ f.ix) e" dx 


where /.(x) belongs to Lj, or 
1 f 

(6.05) - J F(w) dw = iGiiz) 


j if,(x - 


A)e'‘^dx. 


Similarly 

(6.06) - j F(w) dw = J ig,(x — dx. 

That is, almost everywhere 

(6.07) 1. i. m. ^ 2^2 j {} j ^ [j u | > il]. 

Now, the Fourier transform of F(x) is the limit in the mean of the Fourier 
transform of 

i J Fiy) dy 

as € — » 0, and hence must also vanish when | « | > .4. That is. 


(6.08) 


Fiz) 


= j fiu) e‘“ 


du 


where/(M) belongs to L 2 over i—A, A). 
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On the other hand, let f{u) belong to Lt over (— il, A), and let F{z) be defined 
by (6.08). Then (6.01) and (6.02) will be satisfied for 


(6.09) 






and 

( 6 10 ) ' ~ {/" " ^{f-A ‘^“F* 

= o(e«i3(.)i). 


We thus obtain 

Theorem X. The two following classes of entire functions are identical 

(1) the class of all entire functions F(z) satisfying (6.02) and belonging to L 2 
along the real axis; 

(2) the class of all entire functions of the form (6.08), where f{x) belongs to Lt 
over (—-4, ^4). 

An immediate corollary is 

Theorem XI. If F{z) is an entire function such that 

(6.11) limilog+ I F(re’») 1 = 0, 

r — *00 r 

and does not vanish identically, it cannot belong to Lj along any line. 

If it does, we may take this line to be the real axis. By Theorem X, if F(x) 
belongs to Lt, the Fourier transform of F{x) will vanish almost everywhere out- 
side (— il, A) for every A > 0, and will hence be equivalent to zero. Thus 
F(z) vanishes identically, and we have a contradiction. 



Chapter I 

Quasi-analytic functions* 


7. The problem of quasi-analytic fimctions. One of the chief properties 
of analytic functions is that they are determined over their entire range of 
definition by the values of all their derivatives, from the zeroth order up, at any 
one point. The class of analytic functions /(x) of a real variable over the inter- 
val (—1, 1) may be characterized by the fact that/(x) is infinitely often diffen- 
entiable and that, over this interval, 

(7.01) 1 I ^ (it' = 1, 2, 

Denjoyt showed that there are less restrictive conditions on the derivatives 
which likewise determine a function uniquely in terms of its value and that of 
its derivatives at any one point. The leading theorem in this field is that of 
Carleman.J He defines a class of functions Ca over the interval ( — 1, 1) as 
follows: Let = 1, , ^n, • • • be a set of positive numbers. Then Ca is 

to denote the set of functions defined in the interval (—1, 1), infinitely many 
times differentiable over that range, and satisfying the inequalities 

(7.02) max | /"(x) | g (j/ = 0, 1, 2, • • • ), 

- 1 

where B is a constant which may depend on /(x). We say that the class Ca is 
quasi-analytic if a function of Ca is Refined completely over (— 1, 1) by the values 
of its derivatives (*/ = 0, 1, 2, • • • ) at a single point xo, or, what is the 

same thing, if the equations 

(7.03) f^^Kxo) =0 .(^ = 0, 1, 2, ), 

together with the condition that /(x) belongs to imply that /(x) vanishes 
identically. The theorem is the follbwing: 

Carleman’s Theorem, A necessary and sufficient condition that C^ should he 
quasi-analytic is that the integral 



* Cf. Paley and Wiener, Notes on the theory and application of Fourier transforms^ Note 
I, On quasi-analytic functions^ Transactions of the American Mathematical Society, vol. 35, 
pp. 348-353. 

t M. Denjoy, Comptes Rendus, vol. 173 (1921), p. 1329, 

]■ T. Carleman, Les Fonctions Quasi- AnalytiqueSj Paris, 1926. 
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should divergSy or what is the same thing, that the least non-increasing majorant of 
the series 


(7.05) 2 

0 

should diverge. 

The equivalence of the two conditions has been established by Carleman in 
his book.* Here we shall make no use of the second condition. In this chapter 
we shall give a proof of Carleman^s Theorem for the class Ca and also of a 
similar theorem for other closely related classes. 

We wish to define quasi-analyticity in the first instance for another xjlass of 
functions. This definition involves the integrals of the squares of the moduli of 
the derivatives rather than the maxima of these moduli. Defining 


as before as a set of positive numbers, we shall take to be the set of those 
functions defined in the interval ( — 1, 1), infinitely many times differentiable 
over that range, and satisfying the inequalities 

(7.06) 1'^ 1 1^ dx ^ B^A I (p = 0,1,2, ■■■), 

where B is a constant which may depend on f{x). Clearly Ca will be contained 
in Ca- 

On the other hand, let 

(7.07) J\r^Kx)\^dx^ B-'Fl (. = 0,1,2, •■■), 

and for some { in (— 1, 1), let 

(7.071) /C)(J) = 0 (. = 0, 1, 2, . . . ). 

Then, by the Schwarz inequality, if x lies in (—1, 1), 


(7.072) |/w(a:)|» = 


i: 


dy 




|/('+i)(2/) \^dy^ 2B-'+^Fl+i. 


It follows that there exists a C such that 


(7.08) 

|/W(x) 

Now let us put 


(7.081) 

A. 


I 

= (. = 0 , 1 , 2 , . . . ) 


Carleman, loc. cit., pp. 50 ff. 
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It will then follow that C', will be contained in Ca as far as functions are cbn- 
cerned which vanish with all their derivatives at some point. We have 

A 1 + »? ■ i. + S a; j 1 + j? 


(7.09) 


+ const. 


Also, 

(7.10) 
Therefore 

(7.11) 






dx 


< 


i: 


log I 


+ X* 


dx 


A; / 1 + x‘ 


+ const. 


Thus the integrals (7.04) determined by A, and F, converge or diverge together, 
since the part of the integrals from 0 to 1 determines neither convergence 
nor divergence. 

The class, C'^, may of course be transferred to an infinite range by the substi- 
tution 


(7.12) 


hiy) == 


/(tan-^ y) 

(1 + y2)m 


which transforms a function f{x) belonging to L 2 over the range (—1, 1) into a 
function /i( 2 /) belonging to L 2 over (— 00 , «)). Besides this direct and rather 
brutal transference of the theorem, it is possible to form an analogous theorem 
in which the interval ( — 1, 1) used to define the class is replaced bodily by the 
infinite interval (— «», and the inequality (7.06) becomes 


(7.13) 



^dx ^ B^Al 


(. = 0, 1, 2, . . . ). 


This theorem over an infinite range is true, and may be deduced from the follow- 
ing fundamental 


Theorem XII. Let <i>(x) be a real non-negative function not equivalent to zero, 
defined for — 00 < x < <» , and of iniegrahle square in this range, A necessary and 
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sufficient condition that there should exist a real- or complex-valued function F{x) 
defined in the same range, vanishing for x ^ Xo for some number xo, and such that 
the Fourier transform G{x) of F{x) should satisfy | G{x) \ = <i>{x), is that 


(7.1-4) 


r \\og<l>{x)\ 

J-OO \ X^ 


dx < 00 . 


The relevance of this theorem to the theory of quasi-analytic functions depends 
on the following facts: (1) a condition of boundedness on the Fourier transform 
of a function is closely related to a condition of boundedness on its derivatives; 
(2) a function F(x) vanishing over a half-line but not identically vanishing 
cannot be determined by all its derivatives at any point, and is typical of the 
class of non-quasi-analytic functions. Theorem XII, while similar to one of de 
la Vall6e-Poussin,* is much more definite in that, while he concerns himself with 
the order of magnitude of the coefficients of a Fourier series of a function vanish- 
ing with all its derivatives at some fixed point, we undertake actually to fix the 
modulus of the transform of a function of the type, subject of course to the 
convergence of (7.14). 

8. Proof of the fundamental theorem on quasi-anal3rtic fimctions. We turn 
to the proof of Theorem XIL Let us suppose first that the integral (7.14) 
converges. We write for z = x -f iy, ?/ > 0, 


( 8 . 01 ) 


X(^) 


1 p , 

'tt - xy + 3/2 ' 


which is harmonic in the iialf-plane y > 0. Let ix{z) be its conjugate, and write 


(8.02) h{z) = exp (\(z) + iix{z)). 

It is well known, by an argument of the Fatouf type, that for almost all values 
of X, 


(8.03) 


lim X(x + iy) = log <^(x), 

v-o 


or, what is the same thing, 

(8.04) lim i h{x -f iy) \ = <t>{x). 

The geometric mean of two positive quantities cannot exceed the arithmetic 
mean. By this property, extended to integrals, or in other words, by the con- 
vexity property of xhe logarithm, 

(8.05) 1 h{x + iy) \ = „2 

TT J-<^ (x — xp + y^ 


* Carleman, loc. cit., pp. 76 and 91. 

t E. Landau, Darstellung und Begrundung einiger neuerer Ergehnisse der Funktionen- 
theorie, 1929, p. 40. 
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Hence, by the Schwarz inequality, 




, (a; — x"Y + 2/* 


(8.06) 


=- ["(^(xopdx' r 

JT 7-00 7-« 


= [<^(xOPdx'. 


y dx 

{x — x'Y + 


That is, the function h{is) satisfies condition (1) of Theorem V, and we may 
apply that theorem. This gives us 


(8.07) 


h(x + iy) 


1. i. m. (27r)-i« / F(f) df, 

A-~»oo J—A 


where F{x) vanishes for a; ^ 0, and belongs to L%, On the other hand, it follows 
from (8.07) that 


(8.08) 

Let us put 
(8.09) 


1. i.m. h{x + iy) = I. i.m. {2tt) 

y-*ff0 A-*oO 


1. i.m. h{x + iy) = G{x), 

y-^O 


F(^) d^. 


By (8.04), we have almost everywhere 

(8.10) I G{x) I == <t>ix), 

and one part of Theorem XII is proved. 

We still have to prove that if G(x) is given as in Theorem XII, (7.14) follows. 
We suppose that F{x') vanishes for x' > xo, and we may suppose without loss of 
generality that Xo == 0. Let us write 


(9.11) 


G(x) — I. i.m. (27r)~^/2 / F{x')e dx'\ 


if^iz) = (27r)-^/2 / F{x')e~^^-' dx', 3(2) > 0; 


where the second integral is taken along a horizontal line in the 2-plane. The 
function 1^(2) is readily seen to be an analytic function in the half-plane 
3(2) > 0. Suppose that we map the half-plane 3(2^) > 0 into the circle 
I f I < 1 (f = re^^), by means of 2 = i(S + l)/(i' — 1)^ becomes 

r(e*^) and 1/^(2) becomes 7(f). Then it is easily seen that 


( 8 . 12 ) 


r(e'«) \^de 
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SO that r certainly is of class L 2 . Also a simple computation shows that if 
is the image of x' + iy\ then 


= lim 7r“^ / 

JV-»oo J- 


1/' dx 

(x - x ')2 + 


l.i.m. ( 27 r )-^/2 f 
N—» J—N 


U (x - x')* + y" 


27r)-i« y 




= lim 7 r“‘ 


''’’FiOd^f" e-'^iy'dx 

( 27 r)'/^ j-« (x - x')* + 


= lim d£ = = 7 (»'e**), 


so that 7 is in fact the Poisson integral of r(e‘*). Then 


(8.14) 


(27r)-‘ / log+ I 7 (re**) I d6 ^ (27r)“* / 1 7 (re**) pi 


S (2ir)- 


y" i r(e«: 


) p do. 


We now invoke one of the most important theorems in analysis: Jensen ^s 
theorem.* This states 

Theorem XIIL Lei f{z) he analytic for \z \ < R. Suppose that /(O) is not 
zero, and let ri, r 2 , • • • , r„, • • • be the moduli of the zeros of f{z) in the circle \z \ < R, 
arranged in a non-decreasing sequence. Then if r^ S r ^ rn+i, 

(8.15) log = ^ f log I /(re**) | dO, 

n ^2 * * • Tn ^TT Jo 

where every zero is counted the number of times of its multiplicity. 


It follows that if 7 ( 0 ) 9 ^ 0 , 


(8.16) 

Furthermore, 


ir 

2tJ-. 


log I 7 (rc") I do ^ log I 7 ( 0 ) |. 


(8.17) 


-T 


log 1 7 (re**) \d6 = ^J 


log"^ I y{re^) | dO 


+ ^ / log" 1 7 (re") i do. 


E. C. Titchmarsh, Theory of Functions^ p. 125. 
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(8.18) 


I log I y(re'>) ( | ^ jf " log+ | yire'^) ^ log" 


1 7 (re**) I de 


=vr 

T J-T 


log"^ i y(re^^) I dd 


-hf: 


log I 7 (re**) I dd. 


That is, by (8.14) and (8.16), we have uniformly in r 


(8.19) 


27r j-. 


log I 7 (re**) 1 I de 


si/' 


I r(e**) I* de — log I 7(0) 


In any case, if m is the multiplicity of 0 as a root of 7, 


I log I 7 (re**) i I de 


1 7 (re**) 


de — m Ipg r 


(8.191) 


s'/' 

X y-. 


I r(e**) p de - log 


— m log r. 


Since finally log | 7 (re**) | tends almost everywhere to log | r(e**) | as r -♦ 1, we 
have 


( 8 . 20 ) 


log 1 r(e**) \\de < =0 , 


and inverting again to the half-plane, this implies that 

, /■” I log I G(x) II,. 

( 8 . 21 ) 

9. Proof of Carleman’s theorem. Let integral (7.04) converge, and let 


(9.01) 
Clearly 

(9.02) 


[.^.(a;)]^ = 10-' (1 + 


I— « ~i— 1 


I log (l>{x) 


dx < 00 


[<i>(x)Y dx < 00 . 


1 + a:^ ' ’ y-*'"'" 

Thus by Theorem XII there exists a function F{x} belonging to Lj, vanishing 
for X > 0 but not equivalent to zero, and with a Fourier transform G(x) satisfy- 
ing I G(x) I = <^(x). Furthermore, 


1 F<*’>(x) I" dx 


x^'dx = J [<l>{x)Yx^‘' dx 

( Ts ) dx ^ Al, 

r/ 


^ J [10(1 + x2)]”i \X^/ dx ^ A;. 

Thus the divergence of the first integral (9.02) i§ certainly necessary for the 
quasi-analyticity of the class over the infinite line, and a fortiori over (—1, 
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1). However, given a sequence for which integral (7.04) converges, then 
from (7.081) we determine a sequence which also has the integral corre- 
sponding to (7.04) convergent. By (9.03), a function exists belonging to Cp 
and vanishing with all its derivatives at the origin. By (7.08), this function 
will also be contained in C^. Thus the divergence of the integral (7.04) is 
necessary for the quasi-analyticity of 

We now come to the question of the sufficiency of Carleman’s condition for 
quasi-analyticity, and we shall first consider the case of over the infinite 
interval. Let f(x) be a function which is not identically zero, but which 
vanishes with all its derivatives at x = 0, and is everywhere infinitely often 
differentiable. We wash to show that integral (7.04) converges for every class 
Ca to wdiich f(x) belongs. Let F(x) be identical with f(x) for negative x, and 
let it vanish for all positive x. Let G(x) be the Fourier transform of F(x). In 
formula (7.13) let B ~ 1. This is no real restriction. We obtain 

(9.04) ^ f I f ^>(x) j2 dx ^ f I F(^\x) |2 dx = / I G(x) dx. 

J 00 J~ao 

It follows that 




(9.05) 


^ loR 
^ log 


er*r) 
(r*r 


G(x) 

(2[£'" I G(x) !<*]■') 

/* 2 r+1 

g 2 / I log (2-02 I (?(^) I) I 

J2 T 


Hence 


(9.06) 


/ (s * S 2 £’*■ 1 log (2-.» 1 0(x) I ) I & 

g 2 f" I log ( 2-/2 I G{x) \)\dx r'' 

J2 Jx/2-1 

^ 20 y' I log ( 2~^/2 I (;( \ ) \ x~^ dx < oo . 


dr 
/2 r2 


Thus the divergence of (7.04) is sufficient for quasi-analyticity over the infi- 
nite interval. This proves the analogue of Carlernan’s theorem for the class 
over the infinite interval. 

We now turn to the case of the interval (—1, 1). Here we require the follow- 
ing lemma of Mr. N. Levinson: 
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Let f{x) be of class over (—1, 1) and vanish over (—1, f) where f ^ 0. 
Then if F{t) = e~‘ f{l — e~‘) for t ^ 0, and F{t) — 0 for t < 0, F(t) is of class 
C'ji over (— <», oo). 

For, for < ^0; 

Fit) = e-‘/(l - e-0; 

1f( 0 = - e-0 - e-fil - e-); 

^ Fit) = e-«/''(l - e-‘) - 3e-“/'(l - e"') + 6-/(1 - e-); 


(9.061) 


dt" 


Fit) = e-(’‘+o‘/('‘)(l — e— ) + Oi e“"‘ /'"—>(! — e— ) 


-|- • • • -|- a„ 6 */(l — 6 0) 


d"+‘ 

d<"+‘ 


F(0 = e-<»+«>‘/<"+‘>(l - e-') + 61 /<”>(! - e-) 


+ • • • + b„+i e ‘/(I — e 0; 


Here /<*>(! — e~‘) = where a: = 1 — e— . We have above 


hi = — (w -f- 1) “h bi = — wfli -|- at, • • • , 

(9.062) 

bn — 2 Ctn— 1 “1“ On, hn+l — On- 

From this we get 


(9.063) 


1 ha I ^ (n -t- 1) I a„_i 1 + 1 a„ I (a = 1, 2, • • • , n + 1) ; 


where oo = 1 and a„+i = 0. We shall use the principle of induction to obtain 
inequalities involving Oa. Let us assume that 


(9.064) 
Then 

(9.065) 


n" 


Oal ^^2" 

nf 1 


(a = 1, 2, • • • , n). 


(a = 1, 2, • • • , n + !)• 


But the assumed inequality holds for n = 1 and we have just shown that if it 
holds for n it holds for n + 1, and (9.064) is proved for all values of n. Thus for 
t ^0, 
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(9.066) 



p 




/(“Hi — e“‘) 




/<«-i)(l _ e-‘) 


n ! 

Now since /(x) vanishes with all its derivatives at x = 0, 
(9.07) /("-“Ha:) = f (x - |)“-(/(”H{) 

(a - 1) ! Jo 


Therefore 

(9.08) 


I - (a - 1) ! 


Since /(x) belongs to Ca it follows from (7.02) that 

B”A„ 


(9.081) 


/(“-“) (x) I g 


(a - 1) !‘ 

Using this and the fact that e~‘ ^ 1 for < ^0, we have 


d" 


Fit) 


(9.09) 


S e-‘ (2B) 

+ + 


”.dn j^l + W* + ^ + 

n*" 1 

(n — 1) ! n ij 


n' 


2 13! 


< e~‘ (2B)”An n 1^1 + n* + 
If we select a certain set of terms of 


n' 


= 1 n 


^ n 

^ 21 ^ 3 !^ 


(2 !)2 ^ (3 !)* 

I 


we see that 

(9.10) 

If C = 2Be* then 

(9.11) 

Hence 

(9.12) 


d“ 

dt" 


Fit) 


< e~‘ i2B)’‘A„ n e*" < e-‘ B^An e’“. 


d" 

dr 


Fit) 


< e~‘ C’‘A„ for t ^ 0. 




dt < C^-Al 


} 


(« > 0). 


+ ••• + 


w 

in 


2 n 


Thus Fit) belongs to C'a over (— «, <»). This proves the lemma. 

Now let/(x) be of class Ca over (—1, 1) and let the sequence, An, be such 



24 


QUASI.ANAJ.YTIC FUNCTIONS 


[I] 


that (7.04) diverges. We shall show that if f{x) and all its derivatives vanish 
at some point in the interval, then it must vanish identically, which will 
prove the sufficiency of the divergence of (7.04) for the quasi-analyticity of Ca. 
For, let us assume that f{x) does not vanish identically. Then, by translation, 
or by translation and the substitution y — —a:, it is always possible to get a 
function fi{x) such that the function and all its derivatives vanish for a: = f 
(where 0 ^ ^ < 1), such that/i(a:) still belongs to Ca, and such that/i(x) is not 
equivalent to zero over 1 > a: > f. 

We now define f 2 {x) = 0for~l^a:<f and f^ix) = fi{x) for 1 > x > ^. 
But /2(x) satisfies the conditions of the preceding lemma. From this lemma 
and from the sufficiency of the divergence of (7.04) for quasi-analyticity of 
C'a over the infinite interval, which has already been shown, it follows that 
F{t) of the lemma and therefore /2 (a:) must vanish identically, which leads to a 
contradiction. Thus the divergence of (7.04) is also sufficient for the quasi- 
analyticity of Ca over (—1, 1). This completes the proof of Carlernan’s 
theorem for the class Ca. 

The divergence of (7.04) is also sufficient for the class C'p over the interval 
(— 1, 1). For, assume that this is not true; then a function exists vanishing 
with all its derivatives at some point in the closed interval (~1, 1), but not 
vanishing identically, belonging to and such that (7.04) diverges. From 
(7.08) this function also belongs to a class Ca for which (7.04) diverges, and 
from Carleman’s Theorem which we have just proved for the classes Ca, it fol- 
lows that the function vanishes identically. This completes the sufficiency 
proof. The necessity of the condition has already been shown for the class C^. 
Thus we have proved the analogue of the Carleman Theorem for the classes C^ 
over (—1, 1). 

10. The modulus of the Fourier transform of a function vanishing for large 
arguments. Let/(x) be a function belonging to L over ( — .4, A), and vanish- 
ing outside (—A, A). This statement is equivalent to the assertion that it is 
the product of two functions of L 2 , one of which vanishes to the left of —A, 
while the other vanishes to the right of A . Let these functions be /i(x) and / 2 (x), 
and let their Fourier transforms be gi{u) and g 2 {u). Then by the Parseval 
theorem, the Fourier transform of /(x) is 

( 10 . 01 ) giu) = ( 25 r )-''2 j gi{v) g^iu — v) dv. 

Furthermore, by Theorem XII, the real functions | gi{u) [ and ] g 2 (u) | are sub- 
ject to the sole condition that 


( 10 . 02 ) 


log I gi(u) 
1 + u2 


log I gzM 
1 + 


du < 


This condition is manifestly independent of A. Moreover, without changing 
I gi(u) I and | g 2 {u) | , it is possible so to choose fi and f 2 that /i(x) and / 2 (x) have 
a product which is not equivalent to zero, without any further assiunption 
than (10.02). 
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To see this, let hi{x) and ht{x) be functions which are equal respectively to 
|/i(x) I and Ifiix) \ over { — A, A) and zero elsewhere. We may certainly so 
choose /i and fi that hi and hi are not null. Then if 


(10.03) 


h\{x) ^ a„ 

— oo 


hi{— x) 




we have 
(10-04) 


{-2 A g X g 24), 



hiirj) h^i-x + y) dy 


4 A 


2 ) On b„ 


and since ao and ho are clearly not equal to zero, we may find an Xo, which must 
lie within ( — -4), such that 

f2A 

(10.05) / hi(y) h 2 i- Xo + y) dy 9 ^ 0. 

J~2A 

It will immediately result that 

(10.06) fi{x)M- Xo + x) 0, 


and if we replace /2(x) by/2(x — xo), we obtain values of/i and/2 corresponding 
to the given values of | ^1 | and | | for which /j/2 is not equivalent to zero. 

Now, by (10.01), 


g{y) 


S (27r)-»2 j 


g (2ir) 


gAv) I 1 gAu - d) | dt; 


I gAv) I I gAu — v) \ dv 


(10.07) 


+ (27r)-'/2 f I g^(v) I I gt(u - a) I dt) 
Ju/2 


g (27r) 




(71(11) I dv lim sup I gi(w) 


w^u/2 

gAv) I dv lim sup | gAw) 

xv'^u/ 2 


If there exists some function <t>{u) ^ 0 which is monotonely decreasing for 
I u I — ♦ 00 and which satisfies 


(10.08) 

then 

(10.09) 


A 1 g,{u) I ^ <^(w) g B i gAu) | (j = 1, 2; B ^ 4 > 0), 

J-cc 1 


implies (10.02) 



Chapter II 

SzXsZ^S THEOREM 

11. Certain theorems of closure. In the present chapter, we wish to inves- 
tigate the closure over (a, b) of certain assemblages of functions {/n(x)}, 
fn{x) C L 2 . I’he set of functions If nix ) ! is said to be closed over (a, b) if 

(11*01) fix) f nix) dx = 0 (n = 1, 2, . * . ) 

implies that fix) vanishes except over a set of zero measure if fix) C L 2 . The 
set of functions {fnix)} is said to be complete if to any function fix) belonging 
to L 2 and any positive e there is a polynomial 

n 

(11-02) P„(x) = 2 

1 

such that 

(11-021) £ \ P.(x) - fix) dx < e. 

We shall now prove a theorem that shows the significance of the closure of a 
sequence of functions. This theorem states that a set of functions is closed when, 
and only when, it is complete. 

First we shall prove the classical theorem for a set {(f>nix ) } which is normal and 
orthogonal: that is, for which 

(11-03) <^„(x) dx = 0 (m^n); 

(11.031) j <i>„{x) dx = 1 (n = 1, 2, • •• )• 


Now let fix) be any function belonging to L 2 . Then 
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This expression is positive for all choices of a*. Therefore it is a minimum for 


ak 


i: 


f^k dx, 


which causes the last term to vanish. If we also let n , we have 


(11.041) [ 

Ja j Ja 


f^k dx 


> 0 . 


This is known as the Bessel inequality. 

If the set {(pnix)} is known to be complete, then from the definition of com- 
pleteness and the minimum property of 

ak = j f^k dx, 

we see that the Bessel inequality becomes an equality, and wo have 
(11.042) f \f\^dx = '^ I S^kdx 

Ja j Ja 

Thus no function not equivalent to zero can exist wliich is orthogonal to every 
<t>k{x). In other words, a complete set of normal and orthogonal functions is 
closed. 

We will now prove that a closed set is complete. If it is not, there exists a 
function /(x) belonging to L 2 such that 


(11.043) 


lim f fix) - ^ <t>k{x) f fyk df 
n — *00 J a Ja 


dx > 0, 


for if equality held the set would be complete. From this and (11.04) we have 

|2 


(11.044) 
Let us set 
(11.05) 


I fix) 1 2 dx - ^ f^kdx 


> 0 . 


gM 


= ^ </)*(x) f 
, Ja 


f^k dx. 


Then by the Riesz-Fischer theorem, 

(11.051) gix) = l.i.m. g„ix) 

n-+oo 

exists, and 

(11.052) f \ g{x) \^dx = lim ( J ^„(x) pdx = ^ 1 I f^kdx 

Ja n-»oo Ja ^ \ Ja 


2 
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If we now consider /(x) — g(x) we have 


I [fix) - g(x)] ^„(x) dx 
(11.053) “ 

= Urn / |/(x) — ( 7 „(x)] <^„(x) dx = 0 (n = 1, 2, • ■ • 

n— »QC J a 

Since the set {</>n(x)l is closed it follows that/(x) — g(x) is equivalent to zero. 
But from (11.052) and (11.044), 


(11.054) 




g \ ^ dx > Oy 


and therefore f(x) is not equivalent to g{x). Thus a closed set is also complete. 
We have therefore proved that a normal and orthogonal set of functions is closed 
when^ and only when^ it is complete. 

We now proceed to the general case where {fn(x) } is a denumerable set of func- 
tions all of which belong to L 2 . We shall now construct a normal and orthogonal 
set from the given one. In the process of this construction we discard any term 
of {/n(ar)j which is equivalent to zero or to a linear combination of terms pre- 
ceding it. We now construct the sequence {(t>k{x)] where 


<t>iix) = fiix) f l/i(^)pd^j ; 

<h(x) = j^/2(x) - <^i(x) j fiiO <#>i(Ij 


v: 


(11.06) 




f'> hi 1/2 

L ’ 


4 >iix) = j^/afx) - <t>fx) ^ MO 4>M) d^ - Mx) ^ MO <l>2{0 df] 

/ r r ^ 2 r ^ 1 21 1/2 

/[J 1/3 I - I /302d{| J ; 


Since we discard all terms equivalent to zero or to a linear combination of pre- 
ceding terms, none of the denominators will be zero. Tlie set {4>k{x) j is normal 
and orthogonal as can readily be verified. It is of the form 

<^i(x) = buMx); 

(11.061) <^ 2 (x) = 621 /i(x) + b^Mx); 

<h(x) = bziMx) + 532/2 (x) + bizfzix); 


where no bnn vanishes. From this representation it can be seen that the closure 
properties of the sets {<t>k{x)} and {/a(x)} are entirely equivalent. Further, since 
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a polynomial in one set is a polynomial in the other set (for we can solve for 
fk{x) in terms of <#>*(x), since bnn 9^ 0) the completeness properties of the two sets 
are entirely equivalent. This allows us to extend the theorem proved for normal 
and orthogonal systems so that we now see that an enumerable sequence of 
functions is closed when, and only when, it is complete. This property of invari- 
ance of closure holds under very general transformations. We shall now show 
that closure is invariant under any linear transformation of the whole of into 
itself, which conserves the integral of the square of the modulus of each function. 
That is, given a linear transformation such that to every function /(x), of class 
L 2 ovei a ^ X corresponds g{y)y c ^ y ^ d of class L 2 , such that if 

Mx) -* g,iy), 


(11.07) 


c/,(x) — cg,(y), 

fi(x) + f 2 {x) gi(y) + giiy), 



f,ix) 1 2 dx 



U = 1, 2, - . . 


Then the closure properties of a sequence {/n(a:) 1 are the same as those of { gn(y) 1 • 
For, by addition of 


(11.071) fi(x) + hix) \^dx = ^j"\ gM + g,{y) \ ^ dy 


and similar formulas concerning /i(x) — / 2 (x),/i(x) + ^/ 2 (x), and /i(x) — ifi{x), 
with the respective factors 1, — 1, t, and — z, we obtain 


(11.072) 


fi(x)f 2 {x) dx = / giiy) g^iy) dy 


Thus for a sequence {/ti(x)} and a function /(x) of L 2 , with the corresponding g^s 
as transforms, we have 


(11.073) 


fix) fn 


giy) gniy) dy 


in = 1, 2, 


Thus the respective closure properties of the fn and gn sequences are equivalent. 

Certain special cases of this theorem are of great importance. For example, 
if l/n(f) 1 is closed over the interval ( - «> , 00 ), so is the set of Fourier transforms 

(11-08) QniO = I-i.m. t - f f„{y) e>Kf dy. 

A-^ao J-A 

For by the Plancherel and Parseval theorems this transformation falls under the 
■class discussed above. 

Again, let {/n(x) } be closed over (a, b). Let <t>{t) be a function with a deriva- 


* The sign — ► here means “corresponds to,” not “tends to.’ 
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tive ^'(0 which is defined for every t and lies between positive finite limits for 
any range (c — d + «). Let 

(11.09) <^(c) = a; <#.(d) = b. 


Then if fix) is any function belonging to Lz, and ^ is a real measurable function, 


( 11 . 10 ) \fix)\^dx = I" \mt))[<t>'it)Y<u^(‘^\^dt. 


Thus the transformation which turns f(x) into fi<t>it)) [4>'(0F^ is reversible 
since <t>'it) > 0, and leaves the class Lz invariant, as well as the integral of the 
modulus of the square of every function. Like the Fourier transformation, it 
falls into the class discussed above and leaves the property of closure invariant. 

An even simpler transformation leaving closure invariant changes f{x) into 
/(x)sr(x), where g(x) is a bounded measurable function independent of fix), and 


( 11 . 11 ) 
For if 
( 11 . 12 ) 
then 
(11.13) 


gix) 


> t > 0. 


jjix)hix) dx = 0, 


i: 


fix) gix) ■ dx = 0, 

g{x) 


and vice versa. Clearly if fix) belongs to Lz, so dofix)gix) and fix) /gix). It 
follows at once that our transformation leaves closure invariant. 

As a particular case, let us consider the set of functions over the range 
(0, 1). The well known Weierstrass approximation theorem tells us that if we 
take Xn = n ^ 0 then the system is closed. Here we shall study the more 
general case where we have given only that 9}(X„) > — This set is trans- 
formed into the set 


(11.14) {e-(^n+l/2)fj (0 < { < oo) 

by the transformation 

(11.15) fix) -^fie-^) 

This again becomes 

(11.16) {e--(Xn+l/2)««gu/2} (_ 00 < u < 00 ) 

under the transformation 

(11.17) 

Note that these transformations satisfy conditions of (11.07). 
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A Fourier transformation changes this set of functions into 


(2^ 


i-r- 


(X„+l/ 2 )«t* gu(l/ 24 -iw) 


- — r 




(11.18) 


(27r)‘'2 


(Xn + r(i + iw) 


= (^2 I r(i + iw I (_ CO < U>< oo), 


where \f(w) is a real function of w. By a well known theorem concerning tjie 
gamma function, 

I r(i + iw) I = {r(| + iw) r(^ - iw)}'>^ 


— {x sech 

(11.19) ( 2 ^)l /2 g-TlK.i /2 



Thus using the various equivalence theorems developed above, the closure 
propertiesof over(0, l)are identical with those of {7r(sech ■!rti>/2^(X„ + ^)"*”’j 
and (X„ + ^)“‘“! over (— «, »), for sech (tw/2) = g(w) 

where 1 ^ | g(w) | g 2, and therefore obeys the condition of (11.11). 

By a second Fourier transformation, n (sech tw/2) (X„ -f- f)"^" becomes 


(i) / ^ 

= ( 2 t )>'2 


^rw(2 Q~Twl2 


(K + !)-■“’ e-**"* dw 


+ (2t)'/2 [ — —J— — - (x„ + J)-™ c-*®* dw 


= (2t)‘« 

+ (2 


(g-»l/>/2 _ g-3i«./2 _j_ g-6T«,/2 _ , . . ) (X„ ^)-*w g-tX-I dU, 


(11.20) 




(gT «,/2 _ g 3 TU ./2 _j. giT «/2 _ . . . ) (X„ ^)-<« e-*“* dw 


== 2(2t)i'2 ?/; (— 1)^ 0-{2k+l)frwf2 0Qg ^ ^ iQg ^ ^)) 


= 2 ( 2 t )'«2 1 )* 

0 


2ifc + 1 



T* + (x + log (X„ + i))' 
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= ( 27 r)i /2 sech (x + log (X„ + |)) 


2(27r)^^^ 

(Xn + + \ i 1 ^ 

K + 2 


2(27r)^/2 + 1) 

(Xn + 1)2 + 1 * 


We use the bounded convergence theorem above to invert summation and inte- 
gration. The transformation 

(11.21) /(c2-) e^-^fix) 


transforms this into 


( 11 . 22 ) 


2(27r)^/^ (Xn + ^) 
(^n + 2 )^ X + 1 


Thus the closure properties of 


(0 < X < 00). 


1 

(^n + ^)2 X + 1 

over (0, 00 ) are the same as those of x^« over (0, 1). 

12. Sz&sz’s theorem. Let us now investigate the closure of the set of func- 
tions (11.14). The quantities Xn + ^ all lie in the right half-plane. Thus the 
closure question is the same as that of the distribution of the zeros of the 
function 


( 12 . 01 ) 


(f>(u) = 



FiO 6-“^ 


where F({) belongs to L 2 over (0, 00 ). For if 0(w) has an infinite number of 
zeros Mn in the right half-plane, 0(Mn) = 0, then cannot be a closed set. The 
function <t>{u) will clearly be analytic in the right half-plane. Let w = s -f 
where $ and t are both real. Let us put 


( 12 . 02 ) 




4>(t0 


l.i.m. j F(f) e~'‘( d^; 
A~*» Jo 


4^ (c*0 = <!> 



Then ypiz) is analytic in the unit circle. By exactly the same argument as in 
(8.13) }p(z) is the Poisson integral of 4'(e*'^). Let the zeros of ^( 2 ) in the circle 
1 2 I < 1, with those at the origin omitted and arranged so that their moduli will 
form a non-decreasing sequence, be 21 , 22 , • • • . By (8.191), in view of Jensen 
theorem, if | 2n | ^ rn ^ | Zn^i | and rn is the smallest number such that 
^(m) ^ obtain 


rl ( 0 ) 

2i22 * * * Zfi 



log 1 ^(r„ e‘*) I dB + log ml — m log r* 


log 
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(12.03) 


= ?r" / I I + const. 

27r J-ir 


g / I I do + const.; 

27r 7-, 


and a fortiori, if A: < n, 


(12.04) 


21^2 * * ’ Zfc 


* 1 1 '. I 


') I + const. 


As a direct consequence of letting rn —> 1 in (12.04) we get 


(12.05) 


and therefore 


(12.051) 


Z1Z2 ' ' ' Zk 


< const., 


2 


2* < “= . 


If we now invert the circle | 2 | = 1 back into = 0 and the zeros 2* of ^( 2 ) 
into tlie zeros wu of <i>(w), this gives us 


(12.06) 

and (12.05) becomes 


1 - Zk . 
1 “h 2 * 


1 + tc*’ 


(12.07) 00 > V log \±^ = i 2 — 

^ \ — Wk L 1 — 


2(ic* -j- ic*) 

w* — + I 1 *- 


w’hich is equivalent to 


(12.071) 


9?(wt) 

+ I w* I 


On the other hand, let { 2 *} be a set of numbers satisfying 


(12.08) 


^ - log I 2 * I < <» 


and liing within the unit circle. From (12.08) we have 


(12.09) 


I — \ Zk 


Within any circle | 2 | < r < 1 the product 


( 12 . 10 ) 




Zk - Z\Zk 
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w ill converge uniformly to a function h,{z), which is analytic since 


( 12 . 11 ) 


1 - 


Zk 


Zk 


Z I Zk 


2 1(1 - |2*l*) 


1 - Z I 


1 - I Zjfc 

I 2* I 


I Z* I I 1 — Z 2* 

f 

and the majorant series converges by (12.09). Thus for any point inside the 
unit circle we have 


( 12 . 12 ) 


h{z) 


mn 


Z — Zk 

1 

VII 

1 

Zk 

z j 

Zk \ 

1 



< const., 


by (12.08). Thus h(z) is an analytic function inside of the unit circle and is 
uniformly bounded in the entire circle. Let us put 

(12.13) 1 ^( 2 ) = h(z) (1 + z)\ 

Then 1 ^( 2 ) is defined in and on the unit circle and 

(12.131) <f'Uk) = 0 (A: = 1, 2, • • • ). 

Also ^('(z) is uniformly boxmded in the unit circle. Let us invert | z | = 1 into 
3(u>) = 0 as before. We shall have 


(12.14) 


(piw) 




From (12.12) and (12.13) we see that <i>{s + it) is uniformly of class L 2 in t for 
any s such that 0 < s < <» . Accordingly, from Theorem V, we have 


(12.15) 


<t>(w) 


=/: 


where F{^) is of class L 2 . Thus if 


Wk = 


FiO df 


2k 


I + 2k' 

the set ) will not be closed over (0, <») since F(^) is of class L 2 and ortho- 

gonal to all of these by (12.15). 

We have thus proved 

Theorem XIV. (SzXsz's Theorem.)* Let Xn he a set of numbers with real 
part exceeding —1/2. Then the set of functions will be closed L 2 over (0, 1) 
when^ and only wheUy 

1+2 9?(Xn) 


+ I I ^ 


(12.16) 2 

n — I 

As a corollary we have: 

* 0. Szdsz, Vher die Approximation stetiger F unktionen durch lincarc Aggregate von 
Potenzeny Mathematische Annalen, vol. 77 (1916), pp. 482-496. 
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Theorem XIV'.* Let (r« he a set of numbers in the strip | 1 < ’'■/2. Then 

the set of functions { e' ' ' ii-<rn<v> | y^m closed over ( — » , oo ) when, and only when, 


(12.17) 


cos S(an) 


cosh 9?((r„) 

This follows at once from (11.19). 

Again, by (11.22), we have 

Theorem XIV".t Let {^i„) be a set of numbers with positive real part. Then 
the set of functions. l/(ju* x + 1) will be closed over (0, ») when, and only when 


(12.18) 


V 9?(m«) 




OO . 


Let us now turn from theorems of closure L 2 to theorems of the Weierstrass 
type, concerning the possibility of approximating uniformly to an arbitrary 
continuous function by polynomials in a given set of functions. Let 


(12.19) 


i: 


1 


dx < 


Then by the Schwarz inequality, 

a* 


( 12 . 20 ) 


i: 


f{x)dx — 


^ \}c + I - a 


< 


[=T^] 


1/2 


( |a I < §)• 


It is clearly always possible to approximate uniformly to an arbitrary con- 
tinuous function vanishing at the origin by functions of the form 


( 12 . 21 ) 

where 0(x) belongs to L 2 . 
On the other hand, let 

( 12 . 22 ) 

Then 

(12.23) 

We have thus proved 


I' 


4>{x) dx, 


max 


/(^) 


s 

1 


ak x^^ 


< €. 


/; 


/fa) 


s 


ak x‘ 


Xjfe 


dx < 


2 a + 1 


(a > - i). 


* R. E. A. C. Paley and N. Wiener, Notes on the theory and application of Fourier trans- 
forms; Note IV, a theorem on closure, Transactions of the American Mathematical Society, 
vol. 35, pp. 766-768. 

t This theorem has been proved by Professor Szdsz by different methods (unpublished 
paper). Cf. also Szdsz, Vher die Approximation stetiger Funktionen durch gegebene Funk- 
tionenfolgen, Mathematische Annalen, vol. 104 (1931), pp. 155-160. 
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Theorem XV. (Szasz’s form of Muntz’s Theorem.)* Let X„ be a set of 
numbers with positive real part. Then it will be possible to approximate uniformly 
over (0, 1) to an arbitrary continuous function by a polynomial C -f 2 a„x^" when 


(12.24) 


9?(X„) _ 

1 + 1 ~ 


and it will be impossible so to approximate for every continuous function when 


(12.25) 


00 

S 

n= 1 


1 + 9?(Xn) 

1 + I An h 


< 00 . 


• Cf. Szdsz, loc. cit.; C. H. Miintz, Vber den Approxini'ihonssatz von Weierstrass, 
Schwarz’s Festschrift, Berlin, 1914, pp. 30S-312. 



Chapter III 

Certain integral expansions 


13. The integral equations of Laplace and of Planck. The integral equation 
known by the name of Laplace is 

(13.01) g{u) = fix) dx, 


where all arguments are real, giu) is given (c < u < oo) and/(x) is sought. We 
shall assume the infinite integral to be taken in the sense lim^_^oo Jo where fo 
is a Lebesgue proper integral. Let us suppose that g(a) exists and is finite, 
according to (13.01). Let us put 

(13.02) f(i) e-<‘( di = Mx). 


We shall have for u > a, 


(13.03) giu) 




gC-u+a)* = iu — a)x 


r- 


u+c)x j*j(j) 


Thus in case u > a, (13.01) will converge, and we shall have 

(13.04) Sia±e + u) ^ ^ ^ [e-«/.(x)] dx, 

< + w Jo 

which we may write 


(13.05) 


giiu) = fiix) dx. 


The function fniu) is by (13.02) bounded and is 0(e~“) at infinity. Thus there 
is no essential restriction upon (13.01) if we assume that/(x) belongs to L^, or 
that it is bounded and continuous as well. 

An exceedingly simple method of solving (13.01) is due to Widder.* By a 
direct differentiation, which we may readily justify, 

(13.06) (— 1)"^'"Km) = j x" /(x) e““ dx. 


* D. V. Widder, The inversion of the Laplace integral and the related moment problem, 
Transactions of the American Mathematical Society, vol. 36, pp. 107-201. 
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Thus 

(13.07) 




-n£/i 


4'niO = 


Now let us consider 
<13.08) 

This yields 

(13.09) K(0 = ti'n(^) - f\; UO so (0 < f < =0). 

Thus ^n(f) has one maximum, and one only, when x — It is easy to show, 
moreover, that • 

fx+t fl + (/x 

/ 

(13.10) lim = lim = 1. 

J Ui)di I 


That is, the expression of (13.07) represents an average of /(J) with positive 
weighting, and as n becomes infinite, the total weight of the values of /(f) for 
arguments outside (x — «, x -|- e) tends to zero. Thus if f(x) is bounded and 
continuous, a Fej6r argument shows that 

(- D" 

(13.11) Jix) = lim 



Widder has shown how the restrictions of boundedness and continuity are not 
essential. 

Another method of solving (13.01) is the following: if /(x) belongs to Lj, so 


does 

Let us write 



(13.12) 

g{e^) = 

j fie^) 

Let us put 




(13.13) 

F{u) = 

(27r)>/* J 

r A 

1 /(et) «!<•“+»«) df 

—A 

ri/« 


= 

(20-J 

1 f{x) dx. 

e 


By the Parseval theorem for Fourier transforms, 


1 

(27r)"2 



) ei/2 dn 



~e^ 


et(m+M F{-v). 


(13.14) 
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As we have already seen (cf. (11.18)), 


(13.15; 



e£(i/8+..) 4: I) = 0 (e-r I»I «). 


Thus r(| + tv) F{ — v) belongs to L^, and so do both its factors. By (1.7), we 
shall now have 


(13.16) 


r (5 + iv) F{— v) = l.i.m. 


1 

(27r)i/2 





Let it be noted that by PlanchereLs theorem, F(v) is a perfectly arbitrary 
function belonging to L 2 , if f(x) is itself an arbitrary function belonging to L 2 . 
Thus if g{u) is a function subject to the sole restriction that (13.01) can be 
solved by a function /(x) belonging to L 2 , we may replace this restriction by the 
equivalent restriction that 


(13.17) 


giirW2 1 i.ni, 
A-»oo 



) e*’”’ dr} 


both belong to L 2 . A further appeal to Plancherel’s theorem will formally turn 
this into the condition that 


(13.18) 




both belong to L 2 , or indeed that g{dziy) both belong to L 2 . This of course 
involves an extension of the definition of g(u) to the complex domain. It will 
be seen that this formal result corresponds to the known result of PlanchereFs 
theorem, that 


(13.19) 


/ 


l.i.m. I f(x) 


belongs to La over (0, 00 ). 

By Plancherers theorem, we may convert (13.16) into the form 

/(ev) eW2 = l.i.m. f girf df 

^_oo (27r)*'2 r(zf + 1 ) 

(13.20) X l.i.m. t,., I g{e'‘) e«“+“« dw 

B-*co J~B 

= l.i.m. 1 f 

^-♦00 27r y— 

We may write this in the form 

(13.21) fix) = Li^. — gQ — j ^ f(irn)‘ 

This yields us another solution of the Laplace equation. 

We now turn to a physical problem involving an integral equation not unlike 


g(gW) ^Wl 2 


1: 




^ r(fe + i)- 
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that of Laplace, which differs from it in that it leads us to the Riemann zeta 
function. By Planck’s law the radiation per unit volume in a black cavity at 
temperature T in a state of equilibrium, and of frequency between v and v + dv, 
is given by 


(13.22) 


8 t hp^ , 


where h is Planck’s constant, c is the velocity of light, and k is the “gas con- 
stant,” reckoned for one molecule. This suggests that the radiation from a 
source in approximate local equilibrium but consisting of a mixture of black 
bodies at different temperatures, will have a distribution given by 

(13.23) const. 


where <t>{T) represents in some sense the “amount” of radiation coming from 
black bodies at temperature T. If, then, we have an observable radiation with 
frequency distribution given by \p{v)dv, the problem of resolving this into its 
constituent black-body radiations is equivalent to the solution of the equation 


(13.24) 

Let us now put 


i. ?.T.ffrrT 


(13.25) A _ p; ^(T) dT = M df-, _ »(,). 

Kl 


Then (13.24) assumes the form 


(13.26) ^'(p) = 
This we may write 

(13.27) ^(e’^) = 

Let us put (as in (13.13)) 



6^’' - 1 


dfi. 







(13.28) 


F(u) = l.i.m. 
«— *00 



4>(i) dx, 


assuming that ‘I‘(x) belongs to Lj. By the Parseval theorem for Fourier trans- 
forms. 


(13.29) 


1 

(27r)>'» 



^(ei) e"”i drt = F{ — 


V) 



eim+iv) 

- 1 * 


Now, 



gf(8/24-ti>) 

e** - 1 





6* - 1 
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Thus 


= 0{v 

r(| + w) 


and F{— v) belong to L 2 , as does their product. By (1.06) we shall have 
(13.31) r^l + + iv^ F(- v) = l.Lm. j ^ e"’ dij. 


Thus we may determine F{—v) and consequently ^(x) and (t>(T) in terms of 
^{x) and y^v). This involves a division by the zeta function. In (13.31) 
3/2 iv is outside the critical strip, but it is easy to set up other formal solu- 
tions in which the ^division takes place within the critical strip, and in which the 
Riemann hypothesis on the zeros of the zeta function is consequently of 
moment. 

14. The integral equation of Stieltjes. Lrct g(u) be defined as in (13.01). 
Then formally 

hiy) = e-“>' 



(14.01) 


fix) dx / du 


^ p fix) dx 

~ Jo X + y' 

This will now be proved using the theory of Fourier transforms. We have, 
for y = e^, 

(14.02) *(6-) = cVJ ^ r /(gO 


hie) 


j_ r 

2 t)‘/s y_. 


et /2 + e -«'2 


(14.03) 


_ / 2Y'* T” cos yi df 

\7r/ Jo 

= y cos (e-f« - e-»«« + c-«'* - ■ ■ ■ ) di 

COS y( dj 


.S <->-©■ 


2it 1 


2 /.v 

(a!Ljjy+,.“W 


sech wy. 
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Here we use the bounded convergence theorem to invert summation and inte- 
gration. Thus by Parseval’s theorem, if fix) belongs to Lj, if F{y) is defined as 
in (13.13), and if we use (13.16), 


r r m sech n iv 

Fiy) r(^ -i- iy) r(^ - iy) e-**^ dy 
r(i + iy) 6““'’’ dy 


(14.04) 


— f 

Tr)*'^ j_. 

(27r)*« j , 

(2^ /- 

= J°° ^^(ef) 

= e”'* J ^(a:) 


g{e'‘) e“"“' du 

g-e' ef/2 gii/{ 

g(e”) e'‘i^ du 


/3~xe’f 


da:. 


Combining this with (14.02), we see that 

(14.01) hiy) = I dy. 

Jo ^ + y 

Let us notice that the Maclaurin series for cosh y converges in such a way 
that its partial sums are all less in modulus than cosh y. Let the 2mth partial 
sum be 


(14.05) 
Then 

(14.06) S 


^miy) = 2 


(n-y)*" 

(2n)!- 


(- 1) 


■('I'' 


2n 


(2n) ! 


ihiei) e^i*) = ©7: Fiy) sech try <t,„(y) dy. 


If Fix) belongs to Lj over ( — » , w ), 


(14.07) 


/W) . U^. 


— (' 


Fiy) c“<«^ dy. 
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(14.08) 


= l.i.m. ; F{y) sech iry <t>„{y) e w dy, 


since by bounded convergence 

(14.09) F(y) = l.i.m. F{y) sech wy 0m ( 2 /) = l™ F{y) sech iry 0m(2/)- 

m-^oo m-*oo 

Combining (14.07) and (14.08), we get 

(14.10) ir/(ef) = l.i.m. F{y) sech ry (f>miy) e dy, 

or by (14.06), 

(14.11) /(eO et'* = l.i.m. ^ ^ 1)" ^ [hie^) e(>^]. 

This we may write 

/ dV" 

(14.12) /(^) = 2 (- D" ^-(^r 

0 

This gives us a simple solution of the Stieltjes integral equation. By reversing 
our steps, it is easy to show that the existence of the limit in the mean indicated 
in (14.11) is a necessary and sufficient condition for the existence of a solution 
to the Stieltjes equation. By (14.01) the Laplace equation will then have the 
solution 


(14.13) 


where 


(14.14) 


s (- »■ Mrr(*''’ i "<“> 


= l.i.m. / g{u 

m— »oo J 0 


:) K„iux) du. 


K, 


■M - S (- 1) 


(™s) 

(2n) ! 


(y,l/2 g-U-). 


This will also yield another necessary and sufficient condition on gix) for the 
solvability of the Laplace equation in the case in which f(x) belongs to Lj, to 
which we have shown all cases are reducible. 



44 


CERTAIN INTEGRAL EXPANSIONS 


[III I 


15. An as]nnptotic series. Formally* we have 


h{y) 


J 0 X y y Jo 


fix) 


dx 


" 1 + ^ 
y 


(15.01) 


= - [“fix) dx--f 

y Jo y^ Jo 


+ 


xfix) dx + — • 

f (- !)’'/(*) + 


r-iM M-fc 
Jo ^ J- y \ 2 // 


Now if X = e*, y = e’, 


(15.P2) 


Jo X + y \y) 


dx = 




J” 4>(C) sech e«-’> '”+» dk, 


and if 4>(J) e<"+“* belongs to Lj, 



= 0(y-<"+*/«). 


Thus under this assumption, (15.01) yields the well known asymptotic series 
for h{y). Let it be noted that the terms 

(15.04) i ^ 

have kernels (^- 1 / 2 ) whose formal Fourier transforms have singularities at 

the points (A; — \)i which are also singularities of the Fourier transform ( 7 r/ 2)^^2 
• sech ttu of sech (({ + ^)/2). This is not accidental, and in more general cases 
we shall find terms of an asymptotic series associated with the singularities of a 
kernel in the complex domain. 

16. Watson transforms. f Let </)(x) be a function defined over (— 00 ), 
measurable, and with modulus everywhere 1. Let 


* Cf. K. Knopp, Theory and Application of Infinite Series ^ London, 1928, last chapter, 
t The theory of Watson transforms (G. N. Watson, General transforms^ Proceedings of 
the London Mathematical Society, (2), vol. 35 (1932), pp. 156-199, has been recently sub- 
sumed under a more general theory of unitary transforms in Hilbert space by Bochner 
(Inversion formulae and unitary transformations y Annals of Mathematics, (2), vol. 34 (1934), 
pp. 111-115. The methods of this section are more akin to those of Hardy and Titchmarsh 
(A class of Fourier kernels, Proceedings of the London Mathematical Society, (2), vol. 35 
(1932), pp. 116-155, and unlike those of Bochner, are specifically applicable to kernels of the 
form K(xy), rather than to the more general kernels of the form K(x, y). Cf. also Titch- 
marsh, Journal of the London Mathematical Society, vol. 8 (1933), pp. 217-220, Plancherel, 
ibid., vol. 8 (1933), pp. 220-226, and Ida W. Busbridge, ibid., vol. 9 (1934), pp. 179-186. 
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(16.01) <l>a{x) = - 

TT 

belong to La for every a. Let 




X-O 


(16.02) 

Then if a < 6 < c, 


4>„(m) = l.i.m. / (f>a{x) e-^ dx. 

^_=o (2ir)''2 


=/:< 


^b{u) — I ^ du 


hLl' 


^b{u) rfti 


\ — f Ti — L!L] ^c{y) e *“* dw 

{2irr^ J-al a J ' 


- 0 


(16.03) 


ira J~oo (x — 


2 /'* 

><- / 

TT /-oo 


sm2 ~ sin2 - 


</>({ — v) dri 


- [■ 

TT^ a 7-« 


. n f>77 . o Cr; 

sin^ — sin^ — 

, br;2 ct ;2 




£|t.(»)!i 


It immediately results that 


(16.04) 


/■•[:. MT 

y-a L « J 


(6 - c) I* 


'!«(,(«) — 4>c(u) I ^ du = 0, 


and hence there exists over every finite range a function 


(16.05) 


4>(u) = l.i.m. 4'b(u). 


Let us now start with a function /(x) such that 

fix) = 0 [ I X I > 4], 


(16.06) 
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and let us put 

(“>'") - (^.£ 

(16.08) gi>{y 

We shall have 


(16.09) 

and hence 

(16.10) 


2,r)‘'^ X. 


^-xuy dy 


) My — 

x) dx — lim 

b — *00 

1 

i2M'^ . 

I fiM Miy 

f—QO 

1 

' (27r)‘'2 

j fix) My 


j_ r 

2^) 1/2 J ^ 


<t>b(u) 

(2iry/^ 


fix) dx, 


(16.10) J ^ I g,(y) \^dy = J^J Mu) | ^ | J_J(x) 

By (16.01) and Fej6r’s theorem, we have almost everywhere 

(16.11) I Mu) 1^1; lim I Mu) 1 = 1; 


f(x) dx du. 


Mu) I ^ 1; lim I Mu) I = 1; 

6 — »oo 


SO that by (16.10) 

f I gi,(y) \^dy ^ 


(16.12) 


and by bounded convergence, 




fix) dx du 


I fix) I * dx, 


(16.13) 


b—*oo J—oo 

Returning to (16.09), we have 


lim f 1 gtiy) dy = f | fix) | ^ dx. 
b —*oo J—oo J —00 


lim / I gtiy) - gdy) \ '‘ dy = lim / | Mu) - Mu) 

6,c— »°o J—ao b,c-*^ J—oo 


(16.14) 


1 /■” 


fix) e~*“* dx du 


From this, (16.07), and the often used principle that where a limit and a limit 
in the mean both exist, they are equivalent. 


l.i.m. gdy) = giy). 
6— *00 


(16.15) 
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Thus by (16.13) we get 


(16.16) 


j I g(y) I ' 


Let us now take up the case in which /(x) is a perfectly general function 
belonging to Li. We have by (16.16), applied to the function which is / over 
{A, B) and {—B, —4) and zero elsewhere, 


(16.17) 


— r 

j-B 


fix) ^iy - x) dx 


1 ® 

- ^ 2 :^^ J ^ ^^y ~ ^y 

= |_J/(x) l^dx - £ |/(x) |»dx. 


Thus by the Riesz-Fischer theorem, there exists a function 


(16.18) 


= l.i.m. [ fix) Hy - x)dx 

A-*co J-a 


belonging to Lt, and we have 


(16.19) 


giy) I * dy 


I fix) 1 2 dx. 


Now by (16.08), (16.15), and (16.09), if fix) vanishes for sufficiently large 
arguments, 

, . 1 /""* 1 1 f J_ 


(16.20) 


6"*“'' dy 


— f 

ii)'" J- 


fix) <i>(j/ — x) dx 


<t>iu) 

(27r)>/2 




By (16.18), if we approximate to/(x) by functions differing from 0 only over a 
finite region, and then proceed to the limit, we may extend (16.20) to the general 
case where fix) belongs to Li. This gives us 


Let us now remember that <l>iu) = l/4>iu). We obtain 


giy) dy = l.i.m. — 

B->oo 


— r 


fix) dx (^(w) . 


(16.22) l.i.m. 


fix) e-‘“ dx = <t>iu) 1 


B-^oo yZiry^ J-B 

or by a further Fourier transformation, as in (16.20), 


T^AiTi / y^y'^ ^y’ 

A~*oo y^TT) J-A 


(16.23) 

If we now put 

(16.24) 




5 - (' 


giy) My - x) dy. 


fi- x) = hix), 
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then if h{x) belongs to Lt, we obtain the dual pair of formulas 
g{y) = l.j.m. ^ 2^2 


(16.25) 


1 - 

h{x) = l.i.m. / giy) 4>(a: + v) dy. 


Let us now make the transformations 

y = log n', X = log?; g{y) = v''^G(v); h(x) = 

(16.26) 

'I>(x) = 

Then (16.25) becomes 

Giv) = l.i.m. HiO mv) df; 

.-,0 (2ir)‘'2 


(16.27) 

By (16.19), 

(16.28) 


m - GM Km d,. 

j^"|(?(,)i*dn = j^“|/f(?)|»df. 


We append a table of values of </>(x) and corresponding values of K((). 


^(x) K(^) 


' r(i - tx) cos ^ (i - w). 

2 sin f (sine transform). 

- i r(J - ix) sin | (^ - ix)- 

2 cos { (cosine transform). 

\7r / ^ 

yjt«® 

f(.-i )/2 i Y(i log f) 

V 

27r 

e.x2/2_ 

2“ r(’» + “ + }) 

1 ~ ^ t-in-xm 

2 

(27r)*'* Jm(0 (Hankel transform). 

- ix , 

^ 2 +’) 



Chapter IV 

A CLASS OF SINGULAR INTEGRAL EQUATIONS 

17. The theory of Hopf and Wiener.f We shall devote this section to the 
solution of the homogeneous linear integral equation 

(17.01) f(x) = K{x - y)f{y) dy, 

where we assume that the kernel K vanishes exponentially for large values of 
I X I . The simplest particular case is the equation of Lalesco, 

(17.02) K(x) = e-'*'; 

Milners equation is 

(17.03) K(x) = I / dt. 

J\t\ t 

This equation yields as its solution the distribution of temperature in a stellar 
atmosphere in radiative equilibrium.! We shall apply the method of Fourier 
transforms together with certain elementary considerations from the theory of 
functions of a complex variable to obtain the ^^fundamental solutions^ ^ of (17.01) : 
that is, all solutions /(x) which become infinite for great values of x more slowly 
than an exponential function with a smaller exponent than the reciprocal of one 
dominating the kernel K(x) . We shall represent the solutions in explicit integral 
form. 

The analogous equation 

(17.04) fix) = j K(x - y)fiy) dy 

has a much simpler theory. Its solutions are essentially exponential functions. 
liu = u* is an n-fold zero of the function 

(17.05) ^ 

if Q is an arbitrary polynomial of degree not exceeding n — 1, and if all the 
necessary integrals have a sense, 

(17.06) Q(x) e-“** 

t N. Wiener and E. Hopf, Vber eine Klasse singuldrer Integralgleichungen, Sitzungs- 
berichte dei" Preussischen Akademie, Mathematisch-Physikalische Klasse, 1931, p. 696. 

t E. Hopf, Mathematisches zur Strahlungsgleichgevnchtstheorie der Fixsternatmosphdren, 
Mathematische Zeitschrift, vol. 33 (1931), p. 109. 
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is a solution of (17.04). We may express the relation of (17.01) to (17.04) as 
follows: the solution of (17.01) behaves asymptotically for large x in the same 
way as certain solutions of (17.04). This fact is already to be seen in the two 
examples mentioned above. 

We now proceed to the solution of (17.01). Let the kernel K be real and 
continuous except for a finite number of finite jumps. Let K{x) e*'*' belong 
to Li for at least one positive s. There is no real restriction in assuming that 
the 


(17.07) 



e' ' ^ I )* dx 


converge for all « < 1. 
(17.Q8) 


Then, by the Schwarz inequality, 



K{x) I e*'"' dx 


converges for s < 1, as we may see by writing the integrand in the form 


K{x) I * ' 


In what follows, we consider those solutions of (17.01) for which 

(17.09) /(x) = 0(e«), 

where a is an arbitrary fixed constant less than 1. 

In order to solve (17.01) under these assumptions, we first write it in the form 


(17.10) 
where 

(17.11) 


g{,x) =/(x) 


/: 


K{x - y)fiy) dy, 


fix) = 0 (x < 0); gix) = 0 (x > 0). 


Here g{x) is defined for x < 0 by the right side of (17.10). We now introduce 
the Laplace transforms 


(17.12) <t>{u) 


=/: 


f{x)e^^dXj y{u) 


-i: 


g{x)e^^ dx, k(u) 


/: 


Kix) e'‘^ dx 


where m = s + zYis a complex variable. Then 

<t>is + a) t(s + it) *(s + it) 


( 27 r )'/2 ’ ( 2 ; r )>/2 ' 


(27r)i/2 ’ 


considered as functions of t, are the Fourier transforms of /(x) e**, gix) e”, Kix) e**. 
By (17.11), 


(17.13) 


<piu) 


yiu) 


=/; 


f{x) dx, 


g{x) dx. 


(17.14) 
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By Theorems V and III, <l>(u) is regular in the half-plane s < — or, and is bounded 
in every properly included half-plane. The same reference shows that y(u) is 
regular in the half-plane s > —I and is bounded in every properly included 
half-plane since g(x) — 0(e~**’). 

Now, the half-planes of regularity of <t> and of y together exhaust the entire 
t^-plane and have a strip ( — 1 < s < — a) in common. Under our assumptions 
concerning K(x)y the Laplace integral of K(x) converges absolutely for | s | < 1, 
and K(u) is regular in this strip. If we now apply the Laplace transformation 
to (17.10), we get 


(17.15) 


/ oo /*oo 

e“ dx Kix - y)f{y) dy 
00 00 

Too Too 

= <l>i.u) - / Siy) dy / K{x - y) dx 


or in other words, 


= <t>{u) 



e“‘ dl; 


(17.16) 


y(u) = <^(m) (1 — k{u)). 


Since the integrals converge absolutely, in case — 1 < s = 91 (m) < — a, the 
indicated inversion of the order of integration is legitimate. 

In order to apply (17.16), we need the following: 

Lemma. The function 1 — k(u) possesses at most a finite set of zeros in every 
strip I O’ I ^ /3 ()3 < 1). If we represent these by u\, ui, ■ ■ ■ , u„, then we may 
represent 1 — k(u) in the strip | a ] ^ 0 in the form 


(17.17) 


1 — k{u) 


<r+(u) 

<r-(u) 


(u - u,). 


Here (t+(u) is regular and free from zeros in the half-plane 5^-/3, while <r_(?i) is 
regular and free from zeros in the half-plane s ^ + p. The moduli 

(17.18) I 0 - 4 . (tt) I , I (r_(w) I ^ 

lie for sufficiently large u between positive hounds in their respective half-planes. 
Here k is a definite integer, determined by K{x). For an even kernel, if == .K( | a: | ), 
we have ic(w) == (c( — w), m is an even number 2n, and /b = 0. 


If we put X = { 4" we see that 
(17.19) «(u) = j K{x) c** dx = ^ J k(^ -f 

If we now replace { in the second integral by x, and add -the second integral to 
the first, we get 


(17.20) 2k(w) = j" |j!:(x) e« - k(x + 


/ 
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By splitting this into two parts, we may see that the modulus of the integrand 
does not exceed 


(17.21) 


p»/ 1 < I 


+ t) - 


K(x) 


e« -I- I — 1 I 1 K(x) I e“ 


for I s I < 1. Hence if | s | ^ So < 1, it follows that 


(17.22) 


2 I k(u) I ^ 


III 4 


dx + I ~ 1 I 
X j” \Kix)\e‘0^^Ux. 


If we now make use of our assumptions concerning K, it readily follows that 
(17.23) Kis + it) -^0 for M | 


uniformly in the strip \ s \ ^ sq. From this our assertion concerning the zeros 
of 1 — k{u) follows at once. Moreover, 


(17.24) 


k(s it) 

(27r)i/2 


taken as a function of tj is the Fourier transform of K{x) which we have 
already assumed to belong to L2. Thus by Plancherers theorem, | k(s + ^0 I 
also belongs to L2 for — 00 < ^ oo , 

Let us now put 


(17.25) 


t{u) = (1 — k(u)) 


( u ^ - 1)^/2 / u 4. i V 
IIT (m - \w - 1/ ’ 


where k is still to be determined, and where we understand by (u^ — 1)""^^ that 
single-valued branch in | 5 1 <1 which behaves like for large values of | u | . 
Let < P' < If where however we so choose that the somewhat larger strip 
|s| g /S' contains no new zeros of 1 — k{u). Then r(u) is regular and free from 
zeros in 1 5 I ^ /S', and we have 

(17.26) t{u) — > 1 for I < I » 


uniformly over | 5 | ^ /S'. 

Now let us consider the increase of log r(s + it)^ as t runs from — 00 to + 00 . 
By (17.26), it is an integral multiple of 27rz, and can be made to vanish by a 
suitable choice of k in (17.25). After we have so determined fc, let us consider 
that branch of log t(u) which is single-valued over the strip | s [ ^ /S', for which 
log t{u) tends to 0 as f — 00 . We shall also have log t(w) — ^ 0 as ^ ► -f- <» , or 


(17.27) log r ( w ) -^0 for \t\-> 00 
throughout the strip [s \ ^ /S'. Moreover, t{u) is of the form 

(17.28) (1 _,,(„)) + 
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for large | « | so that ] log t(m) | also belongs to L2 in t. We may then apply the 
Cauchy integral formula and we get log r = log r+ — log t_ where 


(17.29) 


logT+Cu) = 


log T_(w) = 


2vi V — u 

2vi V — u 


for — /3' < s = 9i(M) < 0'. 

Now, by the Schwarz inequality, 


(17.30) 


log T-iu) 


< ± 


log t(v) I * I dt) 



\dv\ 

\ U — V 


2 ’ 


so that log t_(m) is regular and bounded for s ^ /3 < fi'. Similarly, log t+{u) is 
regular and bounded for s ^ > —fi'. If we now put 

(17.31) <r+(w) = T+iu) {u + l)-‘-»/^ <r_(w) = T.{u) {u - l)-‘+”‘/2, 


then (17.17) and all the properties we have claimed for (7+. and (t_ follow from 
(17.25) and (17.29). 

If K is even, clearly k{u) = k( — m) and the number of roots of 1 - »•(«) in 
the strip | s | ^ is even, m = 2ri. Since K(x) is real, k{u) = k.(u). If now u 
is imaginary, u = — u and k{u) = «( — m) = k{u). That is, k{u) is real. If we 
put A: = 0 in (17.25), r(w) is also real for imaginary u. Since t{u) 9^ 0, the 
increment of log t{u) along the imaginary w-axis is zero. It should be empha- 
sized that the functions 0-4 and a- are determined by the kernel K{x) through 
explicit integral formulas. 

It is now easy to solve (17.16). Let Ui, u^, • • ■ , Um be all the zeros of 
1 — k{u) lying in the strip | s 1 ^ «, a being taken as in (17.09). Let us deter- 
mine d so that a < d < 1, while no new zeros lie in the strip | s i g /3. Using 
this d) we apply our lemma. Then (17.16) and (17.17) yield 


(17.32) 




By our lemma and another remark we have already made, the left side of this 
equation is regular for s and is of the form 0{\u\ for large | w | . 

Similarly, the right side is regular for 5 g — jS and is of the form 0{\u\ 
for large \u\. Thus (17.32) defines an entire function which is 0( | w | for 
large \u \ , and can only be a polynomial of degree not exceeding A; + 7n/2. 

In what follows, we confine ourselves to the case of an even real kernel 
K{x) = K( I X I ). Then m = 2n, fc = 0, and (17.32) defines a polynomial of 
at most the nth degree. However, the nth degree itself is excluded, for otherwise, 
by our lemma, | </>(n) | will lie above a positive bound for large | n | , which con- 
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tradicts the fact that by Plancherel’s theorem, | <t>is + it) \ belongs to L 2 as a 
function of t. Thus 

(17.33) <i>(u) = tCu) = <r+(M) P„-,(m), 

111 (u - u,) 


y(u) — <T+(u) P„-](m), 


where P„_i is an arbitrary polynomial of degree not higher than n — 1. 

We now wish to show conversely that the functions <f>(u) and y(u) given in 

(17.33) correspond to actual solutions of (17.10) and (17.11). The function 
(t>(u) is regular over s ^ (i except for poles at m = mi, • • • , u^n, and is 0(1/ | u | ) 
for large | m | . Similarly, y{u) is regular over s ^ -d and is 0(1/ | u | ) for 
large | m | . Thus by Plancherel’s theorem, the integrals in the Mellin inversion 
formulas 


(17.34) 


1 r-ff+tA 

fix) = l.i.m. — / 

^—♦00 J—^—iA 

gix) = l.i.m. — / 

^-*00 J- 0 -iA 


4>iu) du, 


y(u) du, 


have a sense, and determine functions /(x) and g(x) belonging to Lj. By (3.38), 
we may write 


(17.35) 


fix) e- 


</,(_ X + it) dt 


(X ^ /3), 


and by Theorem V we may conclude that fix) is equivalent to zero for negative 
values of x, while gix) is equivalent to zero for positive values of x. That is, 
(17.11) holds good. 

As to (17.10), we must show that 


(17.36) 


5(x) = e~ 


(gix) - fix) + jT” Kix - 


y) fiy) dy 


vanishes, and in the first instance that it vanishes almost everywhere. Now, by 

(17.34), gix) and fix) are the Fourier transforms of 


(piit — 0) and 


ii2r)^l^ 


yiit - (3). 


Thus the integral 




Kix - y) fiy) dy 


in (17.36) may be transformed by Parseval’s theorem into 


(17.37) 


. e-i>- 

l.i.m. . / 

A-*<» y— 


<t>{u) k{u) e du. 


That is, the Fourier transform of the integral in (17.36) is 

oo^ 

(17.38) 
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(17.39) (- <t>{- p + it) + 7(- ^ + a) +<!>{- P + it) k(- P + it)) = 0, 

and d(x) vanishes almost everywhere. Thus the function f{x) defined by 
(17.33) and (17.34) satisfies the integral equation (17.01) almost everywhere. 
It is finally easy to prove from (17.01) and the fact that f(x) belongs to 
L 2 , that/(j) is continuous and bounded. 

We now wish to discuss the asymptotic behavior of f{x). We restrict our- 
selves to the case where K{x) is even. In (17.34), if we displace the abscissa of 
integration from to +/?, we change the value of the integral by the negative 
sum of the residues of <t){u) in | 9?(u) | ^ a. By (17.33), such a residue 
is of the form 

(17.40) - Q(x) 


where w* denotes a zero of 1 ~ k{u) within the strip | $K(a) | g a, and Q{x) is a 
polynomial of degree less than the multiplicity of the zero. Thus 

fix) = /o(x) + rix ) ; 

(17.41) 1 /■«+•» 

/o(x) = i: Qix) e-“ - r(.T) = - A / <i>(u) e"" * du ; 

where the sum for /o(x) is taken over all roots ii* in | 9?(?^) | g a. The func- 
tion /o(x) is a solution of the integral equation (17.04), and thus satisfies the 
equation 

(17.42) /o(x) = [ K{x - y)f^iy) dy -i- [ K(x - y)foiy) dy. 

Jo J-00 


Cloarly /o(x) = O(e^i^0» so that by use of our assumptions concerning K, we get 


(17.43) 




Kix - y)foiy) 


dy = Oie~^^) . 


By (17.41), r{x) is the Fourier transform of 


1 

(27r)02 


<l>iP — it) 


and belongs to Lj. By (17.41-3), 


(17.44) 


r(j) = Kix - y) riy) dy + 0(6"'*^) . 


The integrand is (A'(x — y) e~^’') (r(y) e^"), so that, by the Schwarz inequality, 
r(x) = 0(e~^*). Thus under the assumptions we have made in this section 
concerning K, we have established 
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Theorem XVI. Let 2n he the {always finite) number of zeros of 

(17.45) 1 - K{x) e”* dx [K{x) = X(| x |)], 

counted with their proper multiplicity, in the strip ^{u) S ct < 1. Then the 
maximum number of linearly independent solutions of (17.01) for which f{x) = 
6 being an arbitrary positive number, is exactly n. The solutions are of 

the form 

(17.46) fix) = 2 Qix) e--** + 0(e-^-) ,t 

where u* is one of the above zeros and Qix) is a polynomial of degree less than 
the multiplicity of u*; and is a number interior to ia, 1) such that the strips a < 
9tiu) ^ l3, --a > diiu) ^ ^ contain no zeros. 

Let us mention as a further property of the even kernel that among the terms 
in the principal part of the solution, there is always one with 9J(u*) ^ 0. That 
is, there is no solution of (17.01) for which /(x) — > 0, x — > oo , for by (17.33) and 
a^iu) 9^ 0, <#)(w) has at least one pole which does not lie in the right half-plane. 

Let us now apply our general theory to some special examples. In the 
Lalesco equation, 


Kix) = Xe-l-i and /c(u) = . 

1 — 

The roots of 1 ~ /c = 0 are u = zb (1 — 2X)^/^ and we have n = 1. The repre- 
sentation (17.17) yields directly 


(17.47) (r+(u) = 

u + 1 

For X g 0 there are no solutions with property (17.09) and any a < 1. For 
X > 0, there is essentially only one solution. By (17.33), we have 


(17.48) 


<t>{u) = 


M — 1 
U^ — 1 -{“ 


Furthermore, by (17.41), 


(17.49) 


gj:(l-2X)l/2 g-*(l-2X)l/2 g*(I-2X)l/2 _ g-»(l-2X)l/2 

= ^ 1 ^ 



The integral here must vanish, as the abscissa of integration may be displaced 
arbitrarily far to the right. 


t (17.09) need not be satisfied, since a multiple zero may lie on the border of the strip 
|9?(u) 1 ^ a and hence a term of the order of magnitude e«*, I < 0, may occur. 
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A second, more complicated, example is that of the Milne equation. 


(17.50) 


K{x) 



dt , 


Here 


so that 


(17.51) 


k(m) = ^ f f (e”^ + e-“") dt dx 

= I f I -- (c""^ + «“"•') dx dt 

2 7x=o ^ 

_ 1 p e-(l-uH^_^(l+u)f 

2u ^0 ^ 

1 Too r I { u li f ^ ^ ^ 

= 7r- dt I div = ^ / 

2k yo J\-u 2u 7i-ti 


dw 

w 



1 u 


where we take that branch of the logarithm which is regular in (1 ?i(m) | < 1) 
and vanishes for m = 0. The equation 1 — k = 0 has u = 0 as a double root . 
A little reflection will show that there are no other roots in the strip | 9 J(m) j < 1. 
Thus there is only one solution with the property (17.09). If'x is large, tlii.s 
behaves like a linear function: 


(17.52) /(x) = X + o + 0(e-<>-»^) , 

where 5 is an arbitrary positive number. We have not been able in this case 
to reduce the integral representation of /(x) to elementary form. It is pre- 
sumably a new transcendent. 

In the general case, the assumption (17.09) concerning the solutions of (17.01) 
is quite natural, since 1 — k may have an infinity of zeros in the strip | 9?(w) ] < 1. 
In case 1 — (c has only a finite number of zeros, as for instance in the two cases 
just discussed, we may prove the uniqueness of our solutions under even weaker 
assumptions than (17.09), but we shall not pursue the matter further. 

We now come to the special case where the kernel is positive.! Let 
K = i!L(|a;|) > 0 except for a finite number of places, and let K{0) ^ 1, 
K{1) > 1. Then there will be at least one positive solution of (17.01). For 
under these assumptions, 

k(w) = K{x){e'‘’^ + e-“*) dx 

increases monotonely as u increases from 0 through real values to 1, and the 
equation 1 — k = 0 has just two real roots ±m*(w* ^ 0) in the strip | 9 I(m) | < 1. 
Thus there is a solution of (17.01) for which /(x) = 0(6“*"^) if m* > 0 and 
/(x) = 0(x) if u* — 0, which means that k( 0) = 1. In both cases, the solu- 


t Cf. also E. Hopf, Vber lineare Integratgleichungen mil posilivem Kern, Berliner Sit- 
zungsberichte, 1928, XVIII. 
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tion is positive from some point on. If it is anywhere zero or negative, it must 
somewhere assume its lower bound, say at a: = xo. Since K > 0, 


(17.53) 


fixo) = / Kixo — y) fiy) dy ^ f{xo) / K(xt — y) dy , 


(17.54) 




K(xo - y) dy> ^ 0 , 


where we can only have equality in case / = fixo)- Thus /(xo) = 0 is impos- 
sible. /(xo) < 0 is likewise impossible, since the integral in parentheses is less 
than 


j K{t) dt = k( 0) g 1. 

Thus /(x) > 0 for a: 0. For example, solution (17.52) of Milne’s equation 

is positive. 

18. A note on the Volterra equation. A theorem of Mercer’" asserts that 
if 0 < a < 1, and if 


(18.01) 


1 ” 

OrSn -|- (1 — <*) — * s , 

n 1 


(18.02) 


s„ — ♦ s. 


This theorem possesses generalizations of a non-trivial nature. The continuous 
analogue asserts that if 0 < a < 1 and if 


(18.03) as(x) + 


1 - g r 

X Jl 


siy) dy—^s 


(18.04) six) s. 

By a change of independent variable, this asserts that if 


(18.05) aSiO -f (1 - a) / e’-f Siy) dy s 


J 00, 


* J. Mercer, On the limits of real variants^ Proceedings of the London Mathematical 
Society, (2), vol. 5 (1907), pp. 206^224. 

Paley and Wiener, loc. cit., Note VII, On the Volterra equation^ Transactions of the 
American Mathematical Society, vol. 35, pp. 785-791. 

L. L. Silverman, On the consistency and equivalence of certain generalized definitions of the 
limit of a function of a continuous variable, Annals of Mathematics, vol. 21 (1920), pp. 128- 
140. 
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then 

(18.06) S({) s. 

This statement is a particular case of the following theorem : 

Theorem XVIL Let F(x) he measurable and hounded over every finite range 
(Oy A). Let K{x) belong to L over (0, oo): that is. 


(18.07) 

Let 

(18.08) 

Then if 
(18.09) 

we shall have 


Fix) + I K(x- f) FiO d( s 


i: 


as 


I: 


KiOe-'^fdi ^ -1, 


5R(m’) ^ 0, 


(18.10) Fix) ^ ^ 

1 + I m di 

Conversely, let Kix) belong to L, let 

I” KiOd^ -1, 


and let (18.08) imply (18.10) for every Fix) satisfying our conditions. Then 
(18.09) must be true. 


The second part of this theorem may be proved by reductio ad absurdum by 
putting 

(18.11) Fix) = 

where 


(18.12) 

Then 


(18.13) 


i: 


KiOe-^o^ = - 1 , 


SR(ti)o) ^ 0, 


U’o ^ 0. 



Kix - f) FiO 4 



g l^\Ki0\d^-*0. 


As (18.10) is obviously false, the second part of the theorem is proved. 

The first part of Theorem XVII will appear as a corollary to a theorem con- 
cerning the Volterra integral equation of the closed cycle. 
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We shall use the symbol 

(18.14) A * B(x) 

to indicate the “Faltung" of the two functions A{x), B(x); 

(18.15) A ★ Bix) = A(0B(x - ^) A(x - 0 ^(0 = B -k A(x). 

It is well known* that the (bounded and measurable) solution of the Volterra 
integral equation 

(18.16) G(x) F(x) + K * Fix) 
is uniquely determined and given by 

(18.17) Fix) = Gix) +QkGix), 
where the resolvent kernel Q(x) itself is determined from 

(18.18) Qix) + K(x) = K*Qix) = QkKix), 


or else, by 


(18.19) 


Qix) = 2 = K*K--'ix), 

K'ix) = ^:(x). 


We observe that the solution of (18.18) is easily obtained by using Laplace 
transforms.! Let us designate by 

(18.20) kiw) = K(j)e-“’fdf, 

(18.21) qiw) = Q(£)e-"’fd$, 


the Laplace transforms of K{x)j Q(x). Equation (18.19) reduces then to 


(18.22) 


q(w) 


^k(w) 

1 + k(w) 


and Q(x) will be found by the inversion of a Laplace integral. 
The theorem in question may now be stated as follows: 


Theorem XVIII. A necessary and suificient condition thai Q(x) belong to L 
over (0, 00 ) (that is that 

(18.23) ^ lQ(«)|d{<«), 

* Volterra, Lemons sur les Equations Intigrales et les Equations InUgro^Differintielhs^ 
Paris, 1913. 

t See, e.g., S. Bochner, Vorlesungen liber Fouriersche Integrate^ Leipzig, 1932, Chapter 
VII. Other references are also found there. 
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(18.24) k{w) = KiOe-'^id^ ^ -1 (91(w) ^ 0). 

If this theorem holds true, the first part of Theorem XVII is immediately 
derived. Indeed, under the assumptions made we have 

(18.25) Fix) = Gix) + G(x- 0 QiO df- 

Here G(f) is bounded over every finite range and — + s as f > oo . Hence G(J) is 
bounded over the whole range (0, «). Since Q(0 is integrable over (0, oo) 
we may pass to the limit under the integral sign as x — > , with the result 

(18.26) Fix) ^s+s QiO di = s{l + g(0)] = s[l + ki0)]-\ 


which is precisely the desired formula (18.10). 

To prove the necessity of (18.24) we observe that if (18.23) holds then qiw) as 
well as fc(w) is analytic in the half-plane 9 ?(m)) > 0 and continuous up to and 
including the boundary 3}(w) = 0. This implies that the denommator in the 
right-hand member of (18.22) does not vanish for 9?(w) ^ 0 so that (18.24) holds. 

The proof that (18.24) is sufficient is more difficult. We introduce the auxil- 
iary functions 


(18.27) 


and put 
(18.28) 


<t>Aiu) = 


I u I < i4]; 


[A^\u\^ 2A]; 


[O [|wl>2^]; 


q*iw) 


— kiw) 

1 -b kiw)' 


(18.29) q*iiu) = qiiu) -f- g'j(w); 

(18.30) qiiu) = 4>Aiu)q*iiu); qziu) = [1 - <t>Aiu)]q*iiu). 


We wish to prove that if A is sufficiently large qiiu) and qtiu) are both Fourier 
transforms of functions of L. 

To begin with, 


(18.31) 


— ii>Aiu)kiiu) 


qiiu) = 


<l>iAiu) -f <hAiu)kiiu) 


when I u 1 < 2.4 ; 


0 when | u | ^ 2.4. 


Thus qiiu) is the quotient of two functions, each the Fourier transform of a 
function of L, each vanishing outside a finite range, and such that the denomi- 
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nator function only vanishes in points interior to the region of vanishing of the 
numerator function. We may then appeal to a theory due to Wienerf to show 
that qi(u) is the J’ourier transform of a function of L. 

We have 


(18.32) 


qi(u) = [1 — <I>a{u)] 


— k(iu) [1 — (l>Aii(u)] 

1 + fc(fu)[i — <t>A/t{u)y 


It is easy to show that this is the Fourier transform of a function of L when the 
same is true of 


— fc(fM)[l — </>.i/s(w)] { 1 + k{iu)[\. — <t>A/2(u)]\ * 


(18.33) 


Now 


= ^ (— l)'‘{fc(w)[l — <^..(/j(u)lI'‘. 


(18:34) {fc(m)[l - <l>Adu)\\- 

is the Fourier transform of a function h„{x) for which 


(18.35) 


I UO g J M?) Mf]" 

-jy 


cos -- (I - T|) - cos 4({ - ij) 

aI «’) — 


(i - V? 


drj 


An argument of the familiar Fej^r type will show that we may choose A so 
large that the integral in brackets is less than any given number X in 0 < X < 1. 
It will follow at once that q 2 (u) is the Fourier transform of a function F 2 {x) 
for which 

F*(f) I df g ^ 


i: 


(18.36) f I - z\s/ I '-'s = ^ 

Combining this with the similar result for qi(u), we see that we may write 

(18.37) g*(iu) = - = /I] I df < “ • 

We may rewrite (18.37) as 

(18.38) J' Eii) e-‘“« di= - EiO e-‘“« + q*{iu). 

Now, it is readily seen that k{w) 0 as | w; | oo , uniformly in the half- 
plane yt(w) ^ 0 . Sinfee by hypothesis 1 + k{w) 9 ^ 0 for ^ 0 , there 

exists a positive constant c such that 

(18.39) I 1 + k(w) I ^ c > 0. 


t N. Wiener, The Fourier Integral and Certain of its Applications, Cambridge, 1933; 
Lemmas 67, 610 , Cig. 
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Thus 

(18.40) - r EiO e-»f di + q*(w) 


is a func lon of w analytic and bounded in the right half-plane, and continuous 
up to and including the imaginary axis. Similarly, 

(18.41) J" £(i) 

is a function of w analytic and bounded in the left half-plane, and continuous up 
to and including the imaginary axis. Furthermore, the two functions are identi- 
cal on the imaginary axis. By the classical argument of Riemann-Painlev^ it 
readily results that they are parts of the same analytic fimction, which is thus 
entire and bounded. It hence reduces to a constant, and since 

(18.42) f Ei^) > 0 as w; — ^ oo , 


this constant can only be 0. Thus 

(18.43) q*(w) = = r E{^) 

1 + fc{w) Jo 

On the other hand, it follows readily from (18.19) that there exists a u;o > 0 such 
that 

(18.44) n:^) = 
and 

(18.45) ^ I Q({) I dj < 00 . 

By the uniqueness theorem for Laplace transforms we conclude that E{x) 
and Q{x)e coincide almost everywhere, whence Q(x) belongs to L. 

In this proof, we have used the theorem of Wienerf that if a function has an 
absolutely convergent Fourier series and does not vanish, its reciprocal has an 
absolutely convergent Fourier series. P. L6vyt has pointed out that the same 
methods suffice for the following theorem: if a function /(x) has an absolutely 
convergent Fourier series, and 4> is analytic over the range of values of f(x), 
tlien 4>[/(x)] has an absolutely convergent Fourier series. By methods not 
essentially different from those of this paper, we may extend this theorem as 
follows: if f(x) is the Fourier transform of a function of L, and 4>(w) is analytic 
over the range of values of f(x), including 0, then 

4>l/(x)] 

is the Fourier transform of a function of L. 


t Loc. cit., Lemma Gie. 

t P. L6vy, Sur le convergence absolue des smes de Fourier^ Comptea Rendus de PAcad^- 
mie des Sciences, vol. 196 (1933), p. 463. 
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19. A theorem of Hardy. Hardy’*' has pfroved the following theorem: 
Theorem XIX. Letf(x) be measurable and let 


(19.01) 

fix) = 0(1 X 1 " e~^^^^) as 

I — > ± 

and let 



(19.02) 


e*“* dx. 

If 



(19.03) 

giu) = 0(1 u 1 ” as u~^ Az < 


then f(x) is of the form P{x) where P{x) stands for a 'polynomial of degree not 
exceeding n. 


We shall prove this theorem by methods analogous to those which we have 
already used in this chapter. We may clearly separate f{x) into even and odd 
parts, and treat these separately. The proofs in the two cases run quite par- 
allel, and we shall therefore confine ourselves to the even case. In this case, 


(19.04) g{u) = 0)*'" 

Furthermore, if 5R(2:) > — 


f(x) cos ux dx. 


i: 


g{u) du 


du 


(19.05) 


— J" l/2+n g"-u2, 

= ^ (2t;)(SR(»)-3/2+")/s e-» dv 


where A represents various constants. Similarly, 


(19.06) 


/: 


JXr) dx 


^ const. 

xr(2!W+j?+J), 


m^) > 


Making use of the hypothesis, we have 

/ g(u) du = lim [ g{u) du 
Jo «-*o Jo 

= lim I du I fix) cos ux dx 

• -0 Jo \t/ Jo 


(19.07) 


=.iim rfix)dx(^Y" r 

• -»o Jo \7r/ Jo 


COS UX g-.u du . 


* G, H. Hardy, A theorem concerning Fourier transforrus^ Journal of the London Mathe- 
matical Society, vol. 8 (1933), pp. 227-231. 
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However, we have 


cos ux c”*“ du 


(19.08) 




cos y £r*vix dy 


= 3;-“^1/2 I J [g-y(-t+€/x) g~v(i+f/x)] 2^*-1/2 dy . 


By using the fact that the integral around a closed contour is zero, w^e have 

/•no r«(t4-«/*) 

/ ^—y{—i+tlx)‘yz—ll2 dy = / 1 /(— i+«/x) dy 

<19.081) ~ 0 jo 


g-t» y,.-l/2 


r <2 + §) . 


Similarly, 

(19.082) 


g— y(t+«/x) 


dj/ = r ^2 + + 0 


cos UX e~‘“ du 


(19.083) = + 1) I [(- + 0'-''’ + (i + 0"’"’] 

^ a;-.-i /2 r^2 ^ 0 exp log ^1 + cos |^2 + 0 tan" 

For purely imaginary z and x > 0 we have therefore 


(19.09) 


cos ux e”*“ du ^ e^l*I/2 | r (2 


Thus by dominated convergence we have 


(19.10) 


lim r 
«~»o Jq 


fix) dx 


/2\m /** 

c ( - 1 / cos ux e”*“ dw 

- * 0 )'" ■■ (* + 5) 5 (' + 0 ■ 


Using (19.07) we have 


(19.11) If g{u) du = If fix) x-'-‘» dx 0y r (2 + 0 cos ^ + 0 • 


In particular. 


(19.12) Jf u«-‘rt du = x-*"*" dx cos | + 0 r + 0 . 
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However, 


(19.13) J" e-"’" du = r 


(19.14) 


2“*/2 j g(u) du 2*^^ j fix) X ^ dx 

+ 0 K --2 + -0 


Let us call this function Fiz). It is clear by (19.05) and (19.06) hat it is 
entire, and in the right half -plane, 

(19.15) I Fiz) I ^ const. | z exp (tt | 3 ( 2 ) I /4) . 

In the same way we may prove that (19.15) holds in the left half-plane, and 
hence in the whole plane. 

Let us now consider Fiz) on the positive imaginary axis. Here 


Fiiy) i = 


(19.16) 


giu) du 


r ( !^ + 1 

V2 ^ 4 


A I g(u) u'" du 


' A y-^/* 


r 00 exp (— Tt/4 + « 0 


giu) exp ( i — ell du . 


I giue^) 


fix) exp iixue^^) dx 


(19.17) 


^ il / I X I" exp I — — + ixue'^ 1 dx 


g / I X 1” exp { — n (x — iue ^^)^ ) dx exp 




X + iue^^ dx -j- A I X — j” dx 


^ i4(l + i ^ h) exp ( —0(1) 


X exp COS0 - 2e^j 


Thus by (19.16) and (19.17), 
(19.18) I F{iy) I ~ const. ?/“* 


giu exp ii(^ - 


du e‘y , 
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where the integration is taken along the real axis. Hence 

(19.19) 1 F(iy) I = 0(e‘*'); | F{-iy) [ = 

for all €. Thus by the Phragm4n-Lindel6f theorem and (19.15), 

(19.20) F{z) = O(6‘i0 

if Cl > c. It follows that either F{z) must be a polynomial, or it must have an 
infinite set of zeros, for otherwise it would be of the form e®*, which contradicts 
(19.18). Thus if F{z) is not a polynomial we may remove more than n/2 + 1 
of these zeros and. obtain an entire function G{z) which belongs to along the 
real axis, and satisfies 

(19.21) G{z) = O(e‘''0 

for all €. This is, however, impossible, by Theorem XL Thus F{z) is a poly- 
nomial, and as such it cannot, by (19.15), be of degree higher than n/2. Hence 


(19.22) 

8 

1 

II 

1 

( 24 /^ 

and over every finite range. 





(19.23) 




ln/21 



= ^ Ck . 


0 

Here we make use of a mathematical induction from the fact that 


(19.24) 


X ^ (x" = (nx" — x^’**2) ^ 



Chapter V 

Entire functions of the exponential type 


20. Classical theorems concerning entire functions. Let f(z) be an entire 
function: that is to say, a function without singularities in the entire plane. 
It is said to be of finite order if there is a positive number A such that, as 
z = tends to infinity, 

(20.01) f(z) = 0(e ^^) . 

The lower bound p of numbers A for which this is true is called the order of the 
function. In this book we shall devote most of our attention to functions f{z} 
of order 1; that is, to functions for which if € > 0, 

(20.02) f(z) = 0(e^‘+') , 

and in particular, to the narrower class of functions of exponential type, for 
which there exists an A such that 


(20.03) f(z) = 0(e^^) . 

In these cases we may write 

(20.04) fiz) = z”e"B ^ 


by a well known theorem of Hadamard.* In particular, if f{z) is even, we may 

multiply the factors of (20.04) by pairs, and obtain 

00 

(20.05) fiz) = n ~ ’ 

and if f{z) is odd, 

00 

(20.06) fiz) = z^’”+' ^ n • 

If /(z) is even, we have 


(20.07) 


log)|/(z) 1 IzI-^-j 


log I £ I 



|zP \ 

|Xn|V’ 


Let us put X(r) for the number of X.’s not exceeding r in modulus. Then 
log {l/(z) 1 |Z“*”'I1 — loglBi 


(20.08) 


= lim 

vl--»oo 




* E. C. Titchmarsh, loc. cit., p. 250. 
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(20.09) 

On the other hand, by 


£—♦00 I 2 j u— »oo XI 

Jensen’s theorem, if 


(20.10) limf(z)z'-^ = B > 0, 

,-♦0 

we have 


1 

= / log I f(re^) log | B [ , 

2ir Jo 

r). Thus 

(20.12) ibii ^ r dz=^~ T" log I fire'») | dO g US , 

r-oo r Jo X r-^oo 2 Tr Jo z 


( 20 . 11 ) 

where n = X(r). Thus 


and 

(20.13) 


lim^ / 


\z\ 


r/2 a: 

Since X(m) is increasing, this gives us 

1 nr: 1 /■*' _ nr: ^ J 


(20.14) 


logs 


limi j 


X(r) - = lim ^ , .. 

X u— foo XI ^ • 


Combining this with (20.09) we see that 

Thboeem XX. If f{x) is an even entire function of order 1, \{u)/u is hounded 
at infinity when and only when log ( /(«) | /z is bounded at infinity, X(m) being 
defined as in the lines just following (20.07). 

A chief purpose of this chapter is to prove the following much deeper theorem 
of the same character: 


Theoeem XXI. 
Let 

(20.15) 


Let f{z) he an even entire function and equal to 1 at the origin. 



log+ I fix) I dx 


< 


the integrcd being taken along the axis of reals, and let 


(20.16) 


lim log I /(z) 1 < «> . 
f-*« I ^ I 


Let the zeros of f{x) be dt Zn (ind let 
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lim A 


' log/i(x) dx 


Then 

(20.17) 

—♦00 lit 

exists^ and 

(20.18) A = - - [ 

Jo 

This will ill particular he the case if 

(20.19) ^ |/(x) < 00, 

the integral being taken along the real axis. We shall have 

(20.20) * f{z) = ^ cos uz <l>(u) du (L > 0), 

where </>(w) is not equivalent to zero over the whole of any interval (ttL — €, ttL). 


(20.04) may be replaced by 

(20.21) ^ log+ m/(r) ^ < 00 , 

where ni/(r) is 

min I f(re'^) 1 . 

0^6^2w 

21. A Tauberian theorem concerning entire functions. In the proof of 
Theorem XXI, the following theorem occupies an important place: 


Theorem XXII. Let {Xn} be a monotone sequence of positive numbers such 
that the series converges. We set 


( 21 . 01 ) 




Then the statements 

(21.02) log <t>(iy) ^ ttA 1 1 / 1 as y db ^ 
and 

(21.03) j log I 4>{x) I x~^ dx = — t^A 
are completely equivalent. 


Cf. (20.11) and Theorem X. 
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To prove this, let us note that if \{t) is the number of X„’8 not exceeding t, and 

y > 0, 


( 


(21.04) 
Similarly, 


TTj/)-' log = (Try) ‘ 2 log ( 1 + ^ ) 

= (in/)“‘ [ log ^1 + ^ dx(0- 


- - /■ 


log I I'X"* dx = — 2jr“* 


(21.05) 


= - 2x-* d\(t) 

= - 2,r-* !/-• ^ 



x* 

/ log 

lo 

1 _ 1. 
<2 




dX(0 
a:“^ dx 


dX«) I 


X 


Expressions (21.04) and (21.05) are both of the form 


ir 


log I 1 — s’ 1 s“’ ds. 


(21.06) 


i rjv(') 

y Jo \y/ 


d\{t), 


where X(t) is a monotone increasing function. In (21.04) we have 

(21.07) N{\) = N,{\) = i log (^1 + 1^, 

while in (21.05) 


N(\) = Nii\) 


(21.08) 


TT^X Jo 


/X 


log I 1 — x^ 1 x"2 dx 


=^-Aiog\i 


X2 


+ ^log 


1 + X 
1 - X 


The function iVi(X) is positive and monotone decreasing. This is also true of 
iV 2 (X), since 


(21.09) 




l + > 

1 - X 


< 0 . 


The following properties are easily established, where N(K) stands for either of 
JVi(X), JV»(X): 

fO (log 1/X) as X — > 0; 

[0 (1/X*) as X 00 ; 


(21.10) 

( 21 . 11 ) 


N(\) = 

^ max XiV(X) < oo, JV(X) > 0. 
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Furthermore, 
( 21 . 12 ) 
and 


/ NM X'< d\ = ^ 

Jo x(t« + 1) jo 1 + 4 


{it + 1) cosh 


irt 


f: 


Ni{\) X'‘ d\ = 


(21.13) 


wHit + 1 ) 

2 

T^{it + 1 ) 


j: 

CO 

S 


X*'“^ log 


1 +X 

1 - X 

1 


dX 


2 tan 


TTti 




wit {it 1 ) 


Thus it follows that if t is real, 

(21.14) 
and that 

(21.15) 

Finally, as t/ 0, 


/; 


N{\) \'‘d\ 7^ 0, 


[ 


N{\) dX = 1 . 


(21.16) lim ~ j Ni d\{t) = lim (7r2/)~^ log fl>{iy) = 0, 


and 


(21.17) lim ~ ^ dX(0 = lim tt ^ j log | 0(x) | dx^ = 0 . 


Thus either of the statements 

(21.18) -f N.(-)d\{i} -^A 

y Jo \y/ 


as y 


{i = 1 , 2 ) 


implies the boundedness of the corresponding integral 


(21.19) 


y Jo \y/ 


d\{t) 


over the range (0, w ). A direct application of a Tauberian theorem of Wiener* 
then shows that statements (21.18) are completely equivalent, which is precisely 
the result of Theorem XXII. 


* N. Wiener, Tauberian theorems ^ Annals of Mathematics, (2), vol. 33 (1932), pp. 1-100; 
Theorem XI, p. 30. 
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We now proceed to the proof of Theorem XXI. By Theorem XX, if we 
replace each pair of zeros of f{x), which are the negatives of each other, by 
another pair of the same absolute value but real, changing in effect 


(21.20) /(«) - n (‘ - fl) 

into 

(21.21) if ^)' 


we certainly do not affect the truth of (20.14), as for real x, 


(21.22) 


log 


x^ 


^ log 



} 


nor do we affect the truth of (20.19). If we put X(m) for the number of z,’s 
not exceeding u in modulus, it follows that X(u) is not affected by this trans- 
formation, so that by Theorem XX, (20.131) remains true. Thus it is legiti- 
mate to replace /(«) by fi(z) in the demonstration of the theorem, and to assume 
that the z* are all real and positive. We shall suppose that 


(21.23) 


0 < 2i g 22 ^ • • • , 


where obviously 


(21.24) 

We have 

(21.25) 
and 

(21.26) 


2 lZr|-* < CO . 


= 1 r dX(ti) = - f K, (-) dK{v) , 
u U Jo U Jo \u/ 


iry 




logfidy) 


1 + 


-hi + 

where (cf. (21.12)) 

Ki{u) ^ 0 ; K2{u) ^ 0 ; 

Too rco 

.27) / KMdv=l; / Kiiv) dv = - 

Jo Jo {v 

Kt(v) dv = 1. 


^ Ki(v)v" 


dv = 


(21 


1 

zw + 1 
1 


7*^ 0; 


(zw + 1) cosh (7riy/2) 


7*^ 0; 


r 
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Thus by another theorem of Wiener, 

1 


(21.28) - log Si{iy) ~ At 

y 

and 

(21.29) X(w) ~ Au 

are completely equivalent. This is also a result of Titchmarsh.f Thus all that 
we have to establish is (21.28), or by Theorem XXII, 


(21.30) 

We already know that 

(21.31) 
and 

(21.32) 


log I /i(x) j X 


r2 (Jx = •— . 


log"^ I /i(«’) I = 0( i «) I ) 


/: 


loft'*' I /i(w) 1 du < 00 , 


as follows by a direct computation. It follows from (21.31) that the ratio 
\{t)/t is bounded. Hence by (21.05) and (21.09), 


(21.33) 


J ' log I /,(u) 1 du = - ^ AT, Q dX(0 

= X«) d, iV* Q = - 2 ^ r* X(0 log 


y + t 
y - 1 
1 +y/i 


dt 


1 - y/l 


= 0 ( 1 ). 


Combining this with (21.32), we obtain 
(21.34) 


j log" I /i(w) 1 u"’ dw = 0(1) , 

the integral being taken along the real axis. Thus we have 
(21.35) 


J log" I /i(u) 1 u"* dw < 00 . 

This and (21.32) together yield (21.30). We shall clearly have 
(21.36) 


U— «a0 tl 


from which (20.16) follows at once. 

* N. Wiener, A new method in Tauherian theorems, Journal of Mathematics and Physics, 
Massachusetts Institute of Technology, vol. 7 (1928), pp. 161-184. The theorem is not 
there stated in the form applicable to Stieltjes integrals, but the proof is substantially 
independent of that form. 

t E. C. Titchmarsh, On integral functions with real ‘negative zeros, Proceedings of the 
London Mathematical Society, (2), vol. 26 (1927), pp. 185-200. 
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Let us return to/(x), in the general case discussed in the hypothesis of Theorem 
XXI, where not all the roots are real. By (20.13) 


(21.37) 

On the other hand, 


(21.38) 


ri^iiLM.idx= f 

Jo Jo 


-I 


X(u) = 0(u ) . 


dx 


log-^ 




dx 


i: 


log^ I /i(x) [ dx 


x^ 


It follows that 

(21.39) .1 = lim S 1 r 

WOO U TT^ Jo x2 

exists. 

22. A condition that the roots of an entire function be real. We wish to 
prove 

Theorem XXIII. Let f{z) be an even entire function of order not exceeding 1, 
and let the number of its roots dbZn within a circle of radius r about the origin he 
2X(r). Let 

(22.01) \{r)-^Br (r-~>oo). 

Then all the roots of f{z) will be real^ when and only when 

log I fM I dx 

. x^ 


( 22 . 02 ) 


B 


=--r 


By Theorem XXII and (21.28-9), all that we have to prove is that 


( 22 . 03 ) /_;['»*|n('-:i)|-'»«|n(‘-|||) 


u~^ du = 0 


when and only when every Zy is real. However, if any Zy is not real, we shall 
have 


(22.04) 


zl — u* 
zl \ -- u^ 


> 0 


for real u, which is incompatible with (22.03). 

23. A theorem on the Riemann zeta function. We proceed to prove 

Theorem XXIV. If the \nS are real and positive j if the series 2 1/Xj con- 
verges, and if 


(23.001) 


.(»)=n(-^). 
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then the statements 

(23.01) log <l>{iy) ~ ttA I j/ 1 log I ?/ 1 as y — > oo 
and 

(23.02) j log I <t)(x) I x~^ dx ^ —TT^ A log 1 2 / 1 
are completely equivalent. 

Let 2 / > 0, and let us use the kernels iVi(X), A^2(X) of a previous paragraph. 
Then (23.01) and (23.02) may be replaced respectively by 


(23.03) ( 2 / log 




d\{t) —*■ A ; 


N = N,{\), N,(\) . 


We now observe that either of the statements (23.03) implies 

(23.04) X(t/) = 0{y log y) . 

Indeed if (23.03) is satisfied then 


0(1) ^ (y log 


(23.05) 




d\(t) 




= N(l)(y log ?/)“•* My) — (y log t/)-' 

> iV(l) \(y) (y log 2 /)-‘ , 

since N(K) is positive and decreasing. Next we prove that under condition 

(23.04), (23.03) is equivalent to 


(23.06) 


- r n(-) 

y Jo \y/ 


dA*{t) — > A j 


N{\) = iVi(X) , N2(\) ; 


where as a Cauchy principal value, 
(23.07) A*(y) = 


(log d\{t) 


We can assume without essential restriction that X(t) is continuous at 1. It is 
readily seen from (23.04) and (23.07) that A*{y) vanishes for sufficiently small 
y, while 

(23.08) A*(y) = 0{y) as y — >■ oo . 

Now the difference between the left-hand members of (23.06) and (23.03) is equal 

= (y log y)“‘ "^(y) f 

= -(ylogy)-‘^ A*(0 log ij 

- o{(l«g »)-. f' , I [«0 logi] . o(jiJ , 


(23.09) 
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which tends to zero as y — » oo or 2 / — > 0. The same theorem of Wiener which 
was applied in the proof of Theorem XXII shows immediately the equivalence of 
the two statements (23.06): hence the two statements (23.03) are equivalent, 
as are (23.01) and (23.02). 

In order to apply Theorem XXIV to the theory of the Riemann zeta function, 
we introduce 


(23.10) 


2(2) = + tzj 


5(5 + “)(5 - “) '■Q + ’i) ^ 0 + “) ■ 


It is known that S(z) is an entire function, is even, and has all its zeros in the 
strip I 3 ( 2 ) I < Moreover 

(23.11) Idg S(ty) = 0(y) + log V{y/2) ~ J 2 / log y\ 

00 / . 00 

2(2) = c n (1 - 2 1 

\ 2,/ j 


(23.12) 

We set 

(23.13) z, = z', ^ iz",) 2:>0; 

Let us put 

(23.14) 


2 . 1 < 


2r — Xy. 




Along the imaginary axis we have 


2 , + 




r « 1 


1 + 


2 : -x; 


y- 1 

= 0 ( 1 ). 

Thus if 2 / > 0, by (23.11) 

(23.16) log H{iy) ~ ^ j/ log y, 
and by Theorem XXIV, 

(23.17) (log ?/)“* I log 1 c“‘ H{x) jar^dx— » — ^asy— ♦ 00 . 

J-y 2 

Again, on the real axis. 


X; + 2/» 


(23.18) 


1 - 


• Cf. A. E. Ingham, The Disirihution of Primet, Cambridge Tract in Mathematics and 
Mathematical Physics, No. 30, chapter III, |7. 
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(23.21) 0 x-2 dx = ^ /, < Qc . 

J-oo H{x) 

Then by (23.17) 

(23.22) (log y)~^ j log | c“^ S(x) | dx 

If we now apply (23.10), and express everything in terms of the zeta function, 
we obtain 


Theorem XXV.* 

(23.23) [ log ^ -1 dx = o(log y). 

24. Some theorems of Titchmarsh. Titchmarsht has discussed asymptotic 
properties of entire functions with real negative zeros. In this paragraph we 
indicate some results which overlap those of Titchmarsh. The method 
used in deriving these results is closely analogous to that used in proving 
Theorem XXII; therefore we shall give here only a brief outline of the proof, 
leaving the details to the reader. 

Let 

(24.01) f{y) = n + ^) 

be an entire function all of whose zeros { — a,} are negative. It will be assumed 
that 

00 

(24.02) 0 < ai g 02 S ■ • ■ , < oa. 

1 

* This result is less powerful than one obtained by Titchmarsh in his Cambridge tract on 
the zeta function. He establishes that 

jj log I f(i + it) I dt = 0(7 log log T) . 


t Loc, cit. 
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We shall use the symbol n(r) for the number of UnS not exceeding r. The letter 
X will designate a real positive variable which tends to infinity. 

Theorem XXVI. Let X, p, 6 he fixed numbers such that 


(24.03) X > 0, 0 < p < 1, i (? I < TT. 

Then the statements 

(i) n{x) ^Xxf^; 

(ii) log/(x) TT X cosec irp 

(iii) log I J{xe^) | x X cosec xp cos Bp ( | 0 | < x) ; 


i: 


r-x-w« I . I . log I f(re<») I dr ~ 


(iv) 


210 


ii < I “I < 


are all equivalent. In the last statement (iv) the right-hand member in the case 
p = Tr/{2B) should be replaced by its limiting value as p x/(20). 

We first observe that the convergence of the series implies 

(24.04) n(x) = o(x). 


Next, let us put 

(24.05) a>(x) =x“^7i(x). 


In view of the fact that n(x) is monotone increasing, it is readily seen that the 
statements (i), which can be written as 

(24.06) co(x) X, 


and 

(24.07) 



dr '^\x y 


are equivalent.* 

Our next step is to transform the left-hand members of (ii-iv) in such a way as 
to allow an immediate application of Wiener^s Tauberian theorems. We have 


X-P log/(x) 


= x~p 


= X“^ 


i ^og(l +fjdnit) 

f iTrs r~ \ - 

Jo tit + x) X 




dt, 


* This is readily proved directly or derived from a theorem of Wiener (loc. cit., Theorem 
XIII, pp. 34-35); it also follows from a well known theorem of Landau, Beitrdge zur analy- 
tischen Zahleniheorie, Rendiconti del Circolo Matematico di Palermo, vol. 26 (1908), pp. 
16^302 (p. 218). 
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(24.08) 


log I /(xe") I = log 1 + I 


, 1 + - cos 

X 


t f 

1 + 2 - cos ^ + — 

X x^ 


rrK2\e\)-p / 


'<*'*’1' log I /(re") I dr 


_ jr*’/ (2 U 1 )— P / |«-I— W(2| « I ) y-p-1 / 


1 + - COS (? 
r 

1 + - cose + ^-^ 
r r'' 


1 /"“ /Ai-p+W(2UI) / 

J. 


00 1 -j — cos 0 

Z J.- 1 -Tli 2 \d\) 

1 , 2 ^ 1 
1 + - cos (9 -+- --- 


For the last transformation use (24,12) with u = 0 and pd = 7r/2. Thus all the 
statements (ii-iv) are expressible in the form 


(24.09) ^ ^ <o(t) AT 

where N{y) stands, respectively, for 


as x — > 00 , 


Nziy) = 


1 . 

TT cosec TTp \ — y ^ 


\N,{y) = i V--* ...^ - ±1^^^ ^ .- • 

I TT cosec 7rp cos Bp 1 + 2^ cos 0 + 2 /^ ' 


(24.10) 


•po 1 — cos B 


>/P~l -T/(2 ! 0 I ) 


TT cosec Trp cos ' 


*l/v 1,2 i3 , 1 

l + _cos0 + ^- 




A direct computation yields 


(24.11) 


yXU-rp—l 

^ dy — V cosec ir{iu + p) ; 

1 + V 


r (1 + y cos g) J 1 r /" 

Jo 1 + 22/ cos 0 + 2/2 ^ 2 Lio 1 + 2/e" 


^tu+ p— 1 

1 + ye- 


(24.12) 


r** yiu+p—l 1 

/ ^ ^ [(e*<»)-(iu+p) (g-i<>)-(tU+p)] fly 

Jo I + y 2 

TT cosec 7r(iw + p) cos B(m + p) ; 
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y' 


,<u+p-i-w(2iel) 


dy 


f 

Jl/y 


r-l-W(2|«|) . 


1 + - COS 0 
r 

2 1 
1 + - cos 0 + - 
r 


dr 


(24.13) 


[ y-I+ir/(2|ei) ^ { ^yi«4p-l-ir/(2Ul) 

Jo l+2rcosf? + r2 Jr ^ ^ 


— TT cosec 7r(ttfc + p) cos + p) 


iw + p — 


TT 

^|Tj 


It is an easy matter to verify that the kernels Ni{y), Ni{y) when | 0 | < ^72, 
and Ni{y) are possessed of all the properties of the kernel N{y) stated in the 
proof of Lemma 2.1. We set 

A(0 = ^ «(<) di . 


Since aj(0 ^ 0, K(i) is monotone increasing. Hence Wiener's theorem used in 
§21 may be applied here with the result that the statements (ii), (iii) when 
I 0 I < 7r/2 and (iv) are equivalent, while either of (ii) or (iv) implies (iii) 
when 7r/2 < [ ^ [ < tt. It should be observed that the kernel Ni{y) is not 
positive when j S ] > 7r/2 while Nh{y) is positive over the whole range | 0 [ < tt. 
The introduction of this kernel was necessitated by the lack of positiveness of 
Ni{y) when \b \ > 7r/2. Another theorem of Wiener* will show that either of 
the statements (ii), (iii) when | ^| < 7r/2and (iv) implies (24.07), hence (24.06) 
which is the same as (i). On the other hand, it may be proved directly t that 
(i) implies (ii), hence also (iii) and (iv). This completes the proof of Theorem 
XXVI. 


25. A theorem of Polya. PolyaJ has set the problem to establish the 
following theorem, which we shall number 

Theorem XXVII. Let f{z) be an entire function bounded for the integral 
arguments z = 0, ± 1, it 2, • • • , dz n, • • • . Let 

(25.01) max log | /(r e^) | = o(r) . 

0^ 0< 2ir 

Then f{z) reduces to a constant. 

It is clearly sufficient to prove the theorem for an even /(z), for if /(z) is odd, 
we need only consider /(z)/z, which will be even, and will hence reduce to a con- 

* N. Wiener, loc. cit., Theorem XI", pp. 31-32. 
t Titchlnarsh, loc. cit., Theorem I. 

t Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 40 (1931); 2te Abtei- 
lung, p. 80, Problem 105. Solutions have been given by Tschakaloff and Szego, and the 
solution has been commented on by P61ya (ibid., vol. 43, 2te Abteilung, pp. 10, 11, 67). 
P61ya refers to an earlier paper of J. M. Whittaker. 
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stant which can only be zero. The general function may then be treated by 
reducing it to the smn of an odd and even part. 

If /(z) is even, 

(25.02) g{z) = [/(z) - /(O)] z“~2 


will be entire. Thus 
(26.03) 


Let us form 


2 1 gW) I < oo . 


(25.04) 

Clearly 

(25.05) 


GW _ V 9(iL! 

TT 


g{n) sin 7r(n — z) 
7r(n — z) 


G{x + iy) = 0(t/“^e’"l*'l) . 


Let us now form the entire function 

(25.06) H{z) = [g{z) — G{z)] cosec ttz . 

For all values of z and all integral values of n we shall have 

Hlin + ^) + iy] = 0 {expt[(n + §)* + 

VlJ/l/ 


(25.07) 


= e‘'"l O(e^»~’'>l''0 + 0 


Cl) 


uniformly in n. We have here employed (25.01) and (25.05). Hence 


(25.08) 

for all e. 

Let us put 


1 Hin + i + iy) I* dy = 


= [a; + ^] , 

Then by Cauchy’s theorem 


X2 = [x - I) . 


(25.09) 


Hence 


(25.10) 


m, + iy) _ (2,.-)- r - + »!'■> . ay, 

Xi + i + lyi - X - ty 


- (2«)-' 


H{Xi - i + iyi) 

Xi — ^ + iyi — X — iy 


H(x iy) e’"*' dy 


(2ri) ‘ f H(xi + J + tyOe”**! #1 f — — ^ ^ 

j-oo y_oo Xi + i — X — ly 


- (2«)-‘ rH(x, - i + iyi)e’“''‘dt/i T f 

j— 00 J — 00 2 


6*“'' dy 
i-x-iy 
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and, by the Plancherel theorem and the Schwarz and Minkowski inequalities, 


H{x + iy) 1^ dy 


S const. U I H(xi + i + iy)\‘‘ dy -i- j \HiXi - i + i 


iy) I* dy 


Thus, by (25.08), 
(25.11) 


\H(x + iy)\^dy = 0(e='i*i) . 


By an application of Cauchy's theorem, 


(25.12) 


H(x + dy = / H(iy)e^^y dy = e-“^0(w) . 


Thus by the Plancherel Theorem, 


(25.13) 


I <t)(u) h e~2ux ^ 0(e2*i *1) . 


This is however only possible if <t>(u) vanishes almost everywhere for | w | > e. 
Since € is arbitrarily small, (t>(u) must be equivalent to zero. Thus H{z) van- 
ishes, and g{z) = G(z). On the other hand, G{z) belongs to L 2 along the real 


axis since 


(25.14) 


(25.145) 


,n»»_oo —00 ^ ' 

j I 0(x) dx < 00 . 


Therefore g{x) belongs to L 2 along the real axis. By Theorem XI it must 
vanish identically. Thus 


(25.15) 


Giz) = g(z) = 0 , 


fiz) = m , 


which is the desired result, 

26. Another theorem of P61ya. P61ya* has put the following theorem as a 
problem, and it has been answered by Szdszrf 

Let the real numbers mi, m 2 , • • • have the properties 0 < mi < m 2 < • • • and 


(26.01) 


^ — a ^ ^ 

lim — > > 0 . 

tj — >00 nZfi 27r 


Furthermore, letf{x) be continuous in the closed interval (a, b). Then it will follow 
from 


(26.02) 


f{x) cos m. 


n X dX = j 


fix) sin mn X dx = 0 


that fix) vanishes identically. 


* Ibid., vol. 40 (1931), Problem 108 (p. 81). 
t Ibid., 43 (1933), p. 20 (part 2). 
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There is no restriction in supposing b = — a = tt. We shall prove the fol- 
lowing more general theorem: 

Theorem XXVIII.* Let 0 < mi < rrii <■■ ■ and let 


(26.03) 


lim -^ > 1 . 


Then if fix) belongs to L 2 and 

(26.04) ( fix) di = 0 


in = 1, 2, 3, • • * ) , 


fix) vanishes except over a set of measure zero. 

It, is very important that we have replaced lim by lim. This yields us a 
much deeper theorem. 

Since (26.04) is satisfied with fix) replaced by fix) zt fi—x)y it suflSces to 
consider the cases of fix) even or odd. We shall give the discussion of the case 
fix) even, under the additional assumption that 

f' fit) dt ^ 0. 


The case where this assumption is not satisfied as well as the case of fix) odd will 
require but slight modifications which may be left to the reader. We set 


(26.05) 


<l>iu) = 





where the entire function ^(«) is even, and where we may assume without loss 
of generality that ^(0) = 1. We observe that, on setting u = a + it, vie have 


(26.06) 


I 0(m) I = 1 4>(v -f it) 




1/2 


pv\r\ 


0(e''^') . 


On the other hand, we know by the theory of Fourier transforms that <i>i<r) be- 
longs to Li over (— «, «), and by (26.06) that the Fourier transform of <A(<r) 
vanishes outside (— jr, x). Hence by Theorem XII 


(26.07) 


r da < 

y_oo 1 + a* 


Thus 4>iu) satisfies the conditions of Theorem XXL It follows at once that the 
limit 


(26.08) 


lim 

r— 


w»(r) 

r 


= A 


* This theorem may also be deduced from a theorem of Titchmarsh: The zeros of certain 
integral functions ^ Proceedings of the London Mathematical Society, (2), vol. 25 (1925), pp. 
283-302, Theorem iv. 
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exists, where n^(r) is the number of zeros of ^(m) with modulus not exceeding r. 
Let {«,] be the sequence of the zeros of <^(«). It is clear that {± m,\ is a 
sub-sequence of {w,}. Hence by (26.03) we obtain 

(26.09) 2 < liin — ^ lim = A . 

»oo Ttlfi ^ 


(26.10) 


However, by Jensen’s theorem, in view of (26.06), 

Hence 

(26.11) ^ = lira i dt^2. 

r-^oo r Jo t 


G) 



The resulting contradiction shows that f{x) must vanish except for a set of 
measure zero. 



Chapter VI 

The closure of sets of complex exponential functions 


27. Methods from the theory of entire functions. The chief object of this 
chapter is to discuss the closure of the set of functions 1} over a finite 

interval, which we may take without restriction to be ( — tt, tt). This is a sub- 
ject with a surprisingly small literature. The entire literature seems to center 
around a paper of Birkhoff* in which he uses a method of continuous variation 
to handle the problem of the closure of sets of Sturm-Liouville functions. The 
ideas of Birkhoff^s theorem have been applied to trigonometric sets of functions 
by Walsh. t As far as we know, the only discussion of a case where the sole 
restriction on Xn (besides reality and evenness) is of the form 

(27.01) I X„ - n 1 < L < 00 

is due to Wiener.J: The present chapter, and part of the next one, will be 
devoted to results similar to Wiener^s, but of greater scope. 

In §26, we have shown that if 

(27.02) IJm h < 

n~*oo Tl 

the set of functions is closed L 2 over( — tt, tt). In this section, we shall 

confine ourselves to the case where 


(27.03) 


lim - = 1. 

n— *00 


In this case, the entire function 
(27.04) F{z) 




) 


will exist. 

(27.045) 


If A(0 is the number of XJs less than tj 

hog Fdy) log (1 + dA® 

[•Mi> 2y 

Jo t 7r2 ^2 + 2/2 


* G. D. Birkhoff, A theorem on scries of orthogonal functions with an application to Sturm-^ 
Liouville series^ Proceedings of the National Academy of Sciences, vol. 3 (1917), p. 656. 

t J. L. Walsh, A generalization of the Fourier cosine series. Transactions of the American 
Mathematical Society, vol. 22 (1921), pp. 230-239. 

t N. Wiener, On the closure of certain assemblages of trigonometrical f unctions ^ Proceed- 
ings of the National Academy of Sciences, vol. 13 (1927), p. 27. 
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If we now use (27.03), we have 


(27.05) lim - log F(iy) = 1. 

y-»00 y 

Throughout this chapter, we shall define F(z) as in (27.04). Assuming (27.03) 
to be true, we shall prove a series of theorems connecting the closure properties 
of or of { 1, e*’’'"*) with the properties of the numbers X„ or of the func- 

tion Fiz). Of these the first is 

Theorem XXIX. Let (27.03) be true and let F{z) belong to Lj over the real 
axis. Then the set of functions cannot be closed Li over (— t, tt). Again, 

let zF{z) belong to Li over the real axis. Then the set of functions (1, 
cannot be closed Li over (— ir, tt). In either case, a finite number of the functions 
of the set may be replaced by other functions of the form to the same number. 


If Fiz) belongs to Lt, let it have the Fourier transform 
(27.06) fiu) = l.i.m. / Fix) dx, 

A-^oo J-A 

^ L‘ 


and let us put 
(27.07) 


Hiz) 


W 




* > 0 . 


Then Hiz) will be an entire function of order 1, which will be bounded both 
along the real axis and the positive imaginary axis. Thus by the Phragm4n- 
Lindelof theorem, it will be bounded in the whole upper half-plane 3 ( 2 ) > 0. 
By Cauchy’s theorem. 


(27.08) 


Fjz) ^ f Hjw) 

z + i J\ I (w — z)* 


Thus Fiz) e«<‘+*V(z -f i) is bounded in any half-plane above 3(z) = 5 > 0. 
It may similarly be proved that F(z) e-*‘'+'V(2 - i) is bounded in any half- 
plane below 3f(z) = — 5 <0. Thus by the Phragm^n-Lindelof theorem, 
Fiz)/iz + i) is bounded on every horizontal strip above the line 3(z) = — 1. 
Thus Fiz) e“ (i+«)/( 2 ; i) is bounded in every upper half-plane 3 ( 2 ) > a > — 1. 
It follows that for arbitrary 

lim l.u.b. 

3l(,)-»oo -ao<j)i( *)<« 

(27.09) 

~ iijj][ ■3'(<)«/2 l.u.b* 

3l(,)-»oe» — ao<9?(j!)<oo 

Now let us apply Cauchy's theorem. If A and B are sufficiently large, we have 


F{z) 
z + i 

z i 


< K lim = 0. 


Fiz) 

(z + i)’ 


1 r Ta+iB r-A-¥%B 

+ [~^ 1 

J-X+iBj 


iw -f i)^ iw — z) 


dw. 


(27.10) 



88 


CLOSURE OF SETS OF COMPLEX FUNCTIONS 


[VI] 


Since F is bounded, if we let A tend to infinity, we get 


F(z) e- 


.tr(l+0 


1 r roo+tB" 

Idiri _J—ao 


(z + iy 2wi 

Now let B tend to infinity. By (27.09) we have 
F(z) 1 f" F(w) 


F(w) 

{w + i) {w — z) 


dw. 


27rz j- 


(, + .)■ 

By the Parseval theorem, we have 


.00 {w 4- iy (w — z) 


dw. 


(27.13) 


= l.i.m. 

^-400 


1 

(27r)‘'2 


I 


AA- V X 

A-¥y X 


Fjw) 

{w -f- 1 )* 


e*"** dw 


e"* l.i.m. f F{w) e""* dw 

A-*oo J-A 

0 |x > 0] . 


[a: < 0] , 


From this it results that 


(27.14) 



F{wA-iy) 

(to+ty+f)* 


F{w) ^ 

(w + iy 


Here we use the fact that, by (27.13), F{w + fy)e*‘“'^**'''‘'*'‘V(«’ + W + 1)^ con- 
verges in the mean as y — ♦ 0, and hence must converge to its ordinary limit. 
Thus by the Plancherel theorem, 

p—x f ^ ptto(l+«) 

'i”' L (■» + .-)■ ^ • 

Hence by two formal differentiations, 

(27.16) l.i.m. — I F{w) dw = 0 |x > 0] . 

A-»«> (27r)^'^ J—A 


These formal differentiations may be justified by the fact that F(z) belongs to 
Li, and that 


(27.17) 

If we discard 


/l.i.m. -- / F(z) e’“ dzl dx 

e- r .... . 7 , 1 r F{z) 

f(2j-)i'2 J_„ z -b i f(27r)*'2 J_„ i 

the constant term and integrate once again, we see that we have 


(27.15). 

Similarly, 


(27.18) 


l.i.m. f F(z) e~**<*+*> dz = 0 [a: < 0] . 

{2iry'^ J-A 
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Thus/(u/ir), defined in (27.06), is a function in L 2 , for which 

(27.19) /(u/7r) = 0 [lMl>7r], 

and 

(27.20) i'Ai) ^,±iu\u (Jii — 7r(27r)*^^ F( zt ttX,,) = 0 [?i = 1, 2, • • • ] . 

Hence the set of functions cannot be closed over ( — tt, tt). 

The part of Theorem XXIX which refers to jl, is proved in exactly 

the same manner. 

The possibility of replacing; a finite number of functions by other functions of 
similar form results from the fact that the replacement of a finite number of 
lineai factors of F{z) by an equal number of other linear factors affects neither 
the que.^^tion as to whether F(z) belongs to L 2 along the real axis nor as to the 
range of values over which its h'ourier transform differs from zero. The second 
of these statements results from tlie fact that 


(27.21) lim - log F{iy) 

y— *00 y 

is not affected. 

We now proceed to 

Theorem XXX. Lei (27.03) he true and let the set of functions { be closed 
L 2 over ( — TT, tt) but let it cease to be closed on the removal of some one term. Then it 
ceases to be closed on the removal of any one term, F{z) does not belong to L 2 along 
the real axis^ but F{z)fz belongs to L 2 over (1, 00 ). Again, if the set of functions 
[1, is closed L 2 over ( — tt, tt), but ceases to be closed on the removal of some 

one term, this term is arbitrary, zF(z) does not belong to L 2 along the real axis but 
F{z) belongs to L 2 . 

We only need consider the first part of this theorem. It follows at once from 
Theorem XXIX that if the hypothesis of this theorem is satisfied, F{z) does not 
belong to L 2 . On the other hand, there is some non-null function of L 2 , say 
(t>{x), which is orthogonal over ( — tt, tt) to all but one of the functions 
Let us put 

(27.22) Hz) = j\{x)e'^^dx. 

Since by the Schwarz inequality 

(27.23) Hz) = O(c-I^l), 


we see that 4>(2) is an entire function of at most order 1, with zeros at z = /Xn. 
The numbers {/unl contain all but one, say y, of the set {Xn} . By known proper- 
ties of entire functions. 


(27.24) 



< 00 . 
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Thus we have 

(27.25) 4«(z) = ^ |n 
Thus there is an entire function, say ^( 2 ), such that 

(27.26) ^>( 2 ) = Mz) ■ 

z — IX 

If 'F( 2 ) is not an exponential, it will have at least one root, which we may write v. 
Then as | 2 | — > « , 

(27.27) '*>( 2 ) ~ F(irz) . 

Z — V 

Thus F{vu) ^(u)/(m — v) will belong to Li over the entire real axis of u, for 
$(z) belongs to Li, by (27.22) and the Plancherel theorem. Let 

(27.28) g{x) = l.i.m. / Fiiru) ^(w) e-*“ du . 

^_»oo 2t J-a 

It will then follow by the argument of Theorem XXVII (cf. (27.19)) that 

(27.29) g{x) = 0 [ 1 1 1 > tt] . 

Thus by the Plancherel theorem, 

(27.30) f ' g{x) dx = ^(±X„) = 0 , 

7-ir :±zK - V 

while g{x) belongs to L^. This contradicts our assumption of the closure of 
jg±tXnxj and hence ^( 2 ) has no zeros. From (27.25) we have therefore 

<27.31) Kri - . 

2 - M 

Since on the real axis $( 2 ) belongs to L 2 , and since Firz) is even, we see that 
F{tfz)/{z ~ /x) must be of class L 2 on the real axis. Thus our theorem is estab- 
lished. 

We now come to 

Theorem XXXI. Let (27.03) he true and let 
(27.32) I F{x+u) \ ^ ^ - > 0 

1 4 - |a:r 

Jar all real x and some n and e. Then the set of functions will be closed Lz 

or not closed Lz over (—tt, tt), according as F{z) does not or does belong to Lz over 
the entire real axis. It can always be made closed by the adjunction of a finite 
number of functions e'^^. The set of functions { 1, y)iii closed or not closed 

Lz according as zF{z) does not or does belong to Lz over the entire real cutis. 
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This theorem also depends on the use of a function 4f(x) and its Fourier 
transform ^{z). Let be closed. Then by Theorem XXIX F{z) does 

not belong to L 2 . On the other hand, let not be closed, and let 

(27.33) j <l>(x) dx = 0 (n = 1, 2, 3, • • • ) . 

Let ^{z) be defined as in (27.22). As in the proof of Theorem XXX, 

(27.34) 4>(z) = F(irz) 4 ^( 2 ) , 

where ^( 2 ) is an entire function. It is clear from our asymptotic estimate of 
F{z) along the imaginary axis and from the fact that 

I ^{iy) I = / <t>M dy 

(27.35) Id-. 

= 0(c''^'), 

that for all ej > 0, 

(27.36) ^{ly) = 0(c'>i*'l). 

Again, along tlie line 3 ( 2 ) = ^( 2 ) is bounded, and by (27.32) 

(27.37) 4'(2) ^ 1^(1 + Izl”). 

The function 4 ^( 2 ) is an entire function of order 1 or less, and a simple application 
of the Phragm^n-Lindelof theorem will yield us as a corollary of (27.36) and 

(27.37) , 

(27.38) 4 /( 2 ) = 0(c'*«^'). 

Now let 

(27.39) 4 ^( 2 ) = (2 — ai){z — a 2 ) • • • (2 — a/c) 'I'i( 2 ) , 

where ^ 1 ( 2 ) is an entire function. This will always be possible unless 4 ^( 2 ) is a 
polynomial. The entire function 'I'i( 2 ) will belong to L 2 along some parallel to 
the real axis, and will satisfy 

(27.40) 'I'i(2) = 0(c- '■*'). 

Thus by an argument essentially the same as that wliich we have used in proving 
Theorem XXIX, the Fourier transform of 4 ^ 1 ( 2 ) along the straight line along 
which we have shown it to belong to L 2 will differ from 0 only outside (— € 1 , € 1 ). 
Since is arbitrarily small, this Fourier transform and hence 4 ^ 1 ( 2 ) itself must 
be equivalent to zero. Thus ^( 2 ) will also have to vanish identically, which 
gives us a contradiction. This shows that 4 ^( 2 ) must be a polynomial. From 
(27.34) this shows that F(7r2) belongs to L 2 along the real axis since ^>( 2 ) does. To 
show it can be closed by the addition of a finite number of terms we adjoin 
enough terms of this form so that only one is lacking for closure. Then we con- 
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struct 0(x) orthop:onal to all the terms. Proceeding as in the proof above, it is 
readily s,een that only a finite number of terms have been added. 

The remainder of Theorem XXXI is trivial, or is proved in the same way as 
the first part. One step which is of some interest asserts that either both or 
neither of the functions F{x)x”^ and F{x + u)x^ belong to L 2 . This may be 
proved by applying tlie argument of Theorem XXIX to F{x)x"' instead of to 
F{x). 

A direct corollary of Theorems XXIX and XXXI is 

Theorem XXXII. Let (27.32) hold true for some n and e and let 
(27.41) I Fix) I g const. (1 + | a: I”*) 

for real x. Let us call a set of functions exact over ( — tt, tt) when it is closed, 
but ceases to be closed on the removal of any one term. Then the set of functions 
j either exact as it stands, or becomes exact on the removal of a finite number 
of functions, or becomes exact on the adjunction of a finite number of functions e^^^. 
The number of f unctions removed or adjoined will he called the excess or deficiency, 
respectively, of the set. The particular functions of the form e^^^ removed or adjoined 
are arbitrary] only their number is significant. 

An important application of Theorem XXXTI is the proof of 

Theorem XXXIII. If (27.01) holds, is of at most finite excess or defi- 

ciency. 

The proof of this theorem depends on an estimate of 


(27.42) 


F{rw) = n (l 


when (27.01) is fulfilled. If | 3 (m) j = e > 0 and if j 9J(w) | = m > 2L, we have 


F{tw) = 


(27.43) 


no 

l!«lHLl-i 

- n 






l|ull+[/J+l 

n 


1 - 




n 

l|u|l+lJ.)+2 


1 - 


W ‘ 


For the terms in the first product of the right hand member we have 


(27.44) 




. (m ± it)^ 

~ ^ 


K 


1 - 


(n + LY 


For the terms in the second product we have 



— u* ± 2uu + Y 

_ 


> 2iM > 

X* 2u 


(27.45) 
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For the terms in the third product we have 


(27.46) 
Thus 

(27.47) 

But 

(27.48) 
and 

(27.49) 
Therefore 


- 

^ “ 72 

> 

^ n 



1 - 




(n - ly 


|F(,r«;)|^(^0 


2 [ L ]+2 


W 


- 2 [ L ]-2 


X n *- 




liu|H/>]- 1 


n 


n 

lNIHli.l+2 


1 - 


W‘ 


(n + Ly 


(n + Ly 
1I«!U 

6 n 


n 

1|u1K[lH 2 




(n - L )2 


lLl+2 






(n -- L)2 


s n >- 




llull+l 


V2l/.]+2 , 


(27.50) 


\FM\ 1 (0 

-Ki) I*"' 


-21L1-2 


nil--: 

A K I n‘ 

00 

n > 


[ 1 . 1+2 

-4lt)-5 ^y, 


n* 


-:(i) 

«(i) 


21Z.J+2 


-4[Ll-6 gin 


2li-l+3 , 


w 


-4[Ll-5 


Under the same circumstances 

[L]+l 

1 Fiirw) I = U I ^ ~ 

(27.51) 


li 

i/'l 

[T 

- 

‘ Ul+2 


]-[L]-l 

n® 

E 

1 
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Ilu|]+1 


llull+[Ll+2 




But 

(27.52) 


[U D-f [l ]4- 1 

n 

lliilHLl 


1-- 

n* 


l|ul)+lLl+l 




II-IHtl 
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Thus 

(27.53) I F{irw :S ^4 | w sin ttw g i4 | w . 

Here A is a constant which may be different in each expression. We may now 
apply the Phragmen-Lindelof theorem to obtain the fact that if x tends to 
infinity through real values, 

(27.54) i F{Trx) I ^ const. | x . 

If we now apply Theorem XXXII, Theorem XXXIII follows at once. 

A specialization of Theorem XXXIII is 

Theorem XXXIV. Let (27.01) hold, and let 

, T , w 1 

(27.55) L < ^ + - . 


Then the deficiency o/ |1, cannot exceed n. If 

(27.56) ^ i J 


then the excess of \ \, cannot exceed n. 

Theorem XXXIV differs from Theorem XXXIII in that we have to make use 
of more refined estimates depending on the gamma function. These all go back 
to Stirling’s formula. In particular, if x is real and B is an integer, we have 


(27.57) 

and 



(a; + if)^ 
(n 4- B)^ 




(27.58) 



(n + /V 


^ Ki\x . 


In our proof we shall use the notation 

(27.59) 0<C, gCgC2< CO, 

where C may be variable, but (7i and Ct are fixed. We shall take « fixed, and 
shall put 

(27.60) v = m(w)]; I SCw) | = ( • 

Then if B is an integer and A ^ = 9?(ie) — v, A and B being taken as con- 
stants. 
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(n + Ay 

r(t; + — lu+l) r(f -t-A + B + w + l)! {r(A + 1)1* 

(27.61) ^ {r(i; -I-A + B+ l)Plr(A - w + 1) r(A + u) + 1) | 

_ c I r(t; + A + B + W + 1) !'(«’ — A) \ 

- {r(t; + A+“B + l)l^lr(A +u) + r)7 

_ I ^ jiR(tx>)-tp-3A-fl-3/2 ^ 



Hence if the imaginary part of w is e, and the real part is sufficiently large and 
positive 


V-(L ]-1 

i Fiww) I ^ a 1 

1 


(n + 


w\ ^ Y\ 

V A( L ]+ 2 


in - Ly 


(27.62) 


^ 0 22^^""^ I ^|~3L+lL]-l/2H-$R(ix»)-t» I ^|-?[L]-2 ^ 

v+2 


rv^ 


> a\w |-3^+U-'I-l/2+9? («;)-!; | ^ |-2[L]-2 | ^ (t/;)4-v4-6/2 j J ^ 

where a is a positive constant which may be different in each expression. Again, 


Ul+i 


«™)isn n 




'n I (LJ4-2 


(27.63) 


Sa|»|™« jj |i 




t;+l 

n* 


(n + Ly 


^ a\w I sin w 1 1 ti? ^ a\w . 

Hence as in the proof of Theorem XXXIII when x is real and sufficiently large, 


(27.64) 


I Fiwx) g const. X . 


Thus F{x)/{\ X 1” + 1) belongs to Li along the real axis, when L < n/4 -f 1/8. 
Again F{w)w^'^^ fails to belong to Li along a parallel to the real axis when 
L ^ n/4 + 1/8. It follows immediately from the discussion of Theorem 
XXIX that this will be true when and only when F(x)x^'*"” fails to belong to 
Li along the real axis. Thus Theorem XXXIV which restricts the excess and 
the deficiency of {1, follows at once from Theorem XXXI. 

28. The duality between closure and independence. Let the set of functions 
{/n(x)} be closed, normal, and orthogonal over (a, 6). Let a < c < 6, and let 
the set {/n(x)} be made up of the two non-overlapping sub-sets {gn{x)] and 
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{hn{x) } . Let f{x) vanish over (a, r), and let it belong to L 2 over (c, b). Then 
if f{x) is orthogonal to every function of \gn{x)] over (r, 6), it is also orthog- 
onal over (a, 6), and has an orthogonal development 

ao 

(28.01) fix) 
for which 

00 

(28.02) 

1 

It follows that if {^n(x)j is not closed over (c, 6), then there is a series (28.01) 
satisfying (28.02), and converging in the mean to zero over (a, c). 

On the other hand, if {gn{x)} is closed over (c, ?>), there is no function f{x) 
vanishing over (a, c), belonging to L 2 over (c, fc), and there orthogonal to every 
function gn{x). It follows that there is no function with an orthogonal develop- 
ment (28.01) for which (28.02) holds, vanishing over (a, r). We shall express 
this result by writing 

Tueork^vI XXXV. Let [fn{x) ) be a set of functions normal and orthogonal and 
closed over (a, b). We shall call a subset \hnix)} weakly independent over a sub- 
interval (a, c) when the relation 

QO 

(28 03) 0^'^aAnix) 

—00 

over (a, c) for which (28.02) is valid implies that an = 0/or all n. Then [hn{x) } ts 
weakly independent over (a, c) when and only when the complementary set {sfn(x)}, 
consisting of all the members of \fn{x)} not belonging to jAn(x)}, is closed over 
(c, b). In particular j a linearly independent set is weakly independent^ so that its 
complementary set is always closed. If a set is both closed and weakly independent, 
so is its complementary set over the complementary range. If a set and its comple- 
mentary are both independent over complementary ranges, they are both closed. 

As an application, let the set {1, be made up of the gets and 

{1, Let Xi g X 2 ^ ^ Xn ^ • • • and let 

(28.04) lim ^ = 0 . 

n~»go 

By Theorem XXVIII, it will follow that the set of functions is closed over 

any interval (— tt -j- e, tt) and hence over any interval {A, A + 27 r — c), or 
over any set (- t, A - e) + (^, ^) for which - tt + e < A < tt. By Theorem 
XXXV, the complementary set of functions will be weakly independent 

over any interval (A — e, A), no matter how small. We thus have established 
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Theorem XXXVI. Let X_„ = — X„, Xi s Xj g ^ X„ g •••, let all the 
X«’s be integers, and let 

(28.05) lim ^ = 0 . 

n-»oo An 

I ttn 1* < 00 , and let 

AT 

(28.06) l.i.m. = 0 (A-e^x^A), 

€ is any positive quantity. Then the coefficients an are all identically zero, 

A more general result of the same nature is obtained as follows: let Xn be a set 
of positive numbers, and let 

(28.07) g.l.b.jX™ - X„1 > L > 0. 

There exists a number D such that 


(28.08) L ^ jD ^ L(1 ~ e) , e > 0 , 

and such that no X„ = (n + ^) D. To see this, we observe that the numbers 
Ln for which 

(28.09) Xp = (m + i) Ln 

for some pair of integers p and m are denumerable, since a denumerable set of 
denumerable sets is denumerable. 

Now let pn stand for (n + |)D if there is no Xm nearer to nD than D/2, Let 
iXn stand for Xm if 

(28.10) nD < Xm ^ (n + 1) D (n = 0, 1, • • • ) . 


Let a 2 n = Mn and cr2n+i = (2n -f- 1)D — /Xn. Then there can be no an = am, 
m 9 ^ n. We shall now show that the set of functions {1, is closed over 

(— 27r/D, 27r/D), and ceases to be closed if we remove any one term. 

We form 


(28.11) 



and consider it on the line 3(2^) = ^ > 0. We have 



o-L O'L+I = Mn (2n2 - pnY = (nD + aj^ (nD ~ aj^ 

= (n2D2 - aiy 


Now, 

(28.13) 
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where | On 1 ^ D/2. Hence 


(28.14) 


1 O 2n 2n+ 1 


converges to a finite value. The remaining factor of 


(28.15) 


is of the form 


(28.16) 




[{nD — On)^ — z*] [(nD + a„)^ — z*] 
(n* L» - z2) 2 


where a„ ^ D/2. This may be written 


(28.17) 


1 - 2a 


z® + — I 

{nD + z)2 (nD 


al/2 \ 

• - z)2; • 


We have 3(z) = 5 > 0. With no restriction, we may consider 9?(z) = aj > 0. 
It is easy to see that the uniform boundedness of 


(28.18) 


(X - DiY + 52 ’ 


the fact that only a finite number (independent of z) of the terms 


(28.19) 

and the inequality 


(28.20) 
prove that 


(28.21) c, 


* z» + n2Z)2 _ al/2 ^ , 

" (nD + z)2 (nD - zY = ^ ’ 


l-o>r^, i>a>0, 


6 n (* - 2«: 


z* + n^D^ — ( 
(nD + z)2 (nD 


^2j 


(28.22) 


I /(g) 

00 

n >- 


OW - 
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(28.23) 




it follows at once that log | f{z) \ is bounded. Hence, by Theorem XXXI, the 
set of functions {1, e**'"*] is closed over (— 2w/L, 2wlL), but ceases to be 
closed if we remove any term. Hence if 


(28.24) 


g{x) = I.i.m. 2 


aic e*-''** + oo 


vanishes over any interval of length ivIL, and if, with the exception of a finite 
number of X„’s, 

(28.25) I - X„ I > L, 

all the coefficients of gix) will vanish, for otherwise we shall be able to represent 
some as a limit in the mean in terms of the rest. Since we can replace a 
finite number of terms of by the terms which do not obey 

(28.25) , without affecting the closure properties of the set, we see that the set 

jl, has been made a subset of a closed and linearly independent 

sequence. Thus if (28.25) holds for every positive L, when a finite set of X„’s 
are dropped, then if (28.24) vanishes over any interval, it vanishes identically. 
This is a particular case of a gap theorem which we shall take up more thor- 
oughly in the next chapter. 



Chapter VII 


Non “HARMONIC Fourier series and a gap theorem 

29. A theorem concerning closure. We shall devote the present section to 
the proof of 

Theorem XXXVIL Let the set of Junctions {fnix)} be normal, orthogonal, 
and closed over the interval (a, h). Let the functions grfx) belong to L 2 over (a, b), 
and let 


(29.01) 


2 an if nix) - Qnix)) (/x g ^ | a„ | % 


where B < 1 and where 6 is independent of N and an> The {un} are any set of 
numbers. Then if f{x) belongs to L 2 , there exist coefficients bn such that 


(29.02) 


fix) = l.i.m. ^ bn Qnix) , 


or in other words, the set {^n(^)} is closed. Moreover, this set is linearly inde- 
pendent. 

We shall have 


(29.03) 


(29.04) 


f 1 fix) 1 * dx g (1 + e)* ^ I 1 2 , 

Ja 1 

* Cb 

1 


There exists a set hn{x) of functions belonging to L 2 such that 
fh [0 if m ^ n ] 


(29.05) 


gm(x) hn(x) dx = 


[1 if m =x n. 


If f{x) belongs to L 2 , there exist coefficients Cn such that 


(29.06) 


fix) = l.i.m. ^ Cnhnix) , 


(29.07) 


+ 0)2 2 1 i’ - / I I * dx g 2 I 
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To begin with, 


(29.08) 


On dX 


ri> 2 1/2 I fb " 

— j J ^ y dnfnix) d/c| I _/ ^ / (ffn(x) — fn(x 


2 1 1/2 
c)) dx\ 




(1 -f- I ^ y I dn 


It follows readily that if we consider a particular set {a„ j for which 


(29.09) 


2 I «-> I* < ” . 


(29.10) 


g(x) = l.i.m. 2j 0 'n 9 n{x) 


exists, and 


(29.11) 


g{x) \ ‘^ dx ^ (1 + ^)’“ 2 1 “n I* ; 


for we have only to make use of the fact that by (29.08) 


(29.12) 


l.i.m. ^ a„gn{x) = 0. 


Now let/(x) be an arbitrary function of Lt, and let 


(29.13) 


fix) ~ 2 Okfkix) . 


(29.14) 


/'‘'(x) ~ 2 akifkix) — gkix)) 


will exist and belong to Lj by (29.01). In general, let us define /("+‘’(/r) by 
mathematical induction. Let us put 


y<n)(a.) ^ ^ a'k^fkix) , 


(29.15) 
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and 

00 

(29.16) ~ 2 • 

1 

We shall have 

00 

(29.17) /'"'(x) - /("+‘>(x) ~ - 

1 

and on summation 

00 

(29.18) fix) - f'‘+')(x) ~ 2) (a* + -|- • • • -h a[”^) g,ix) . 

1 

By (29.01) and (29.16), 


129.19) 


£ I /<"+‘»(x) p dx g 

y I /(x) 1 Mx . 


g ^2(n+I) 

Thus 

90 00 

(29.20) 

1 1 

By (29.18) and (29.19), 

AT 

(29.21) fix) = l.i.m. l.i.m. ^ (ot -}- aV* -f- • • ■ -f a'*"^ fft(x) . 


n— *00 AT — *00 


1 


By the Minkowski inequality and (20.20), 


I «*+«"' 


+ • • • + a* 


•), 

) 1/2 , 

f JL 1 



J 


1/2 


(29.22) 


+ I 2 i “* 


(1) U 


(1 + 0 + • • • + 0 ") ( 2 


ttk 


+ ' * • + 1^1 


[VIII 



Thus if we put 
(29.23) 


Ufc + (l^k^ + + • • • ^ ) 
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we have 


00 00 

(29.24) 


(1 - 6)^ 


\I{x) \-dx. 


Let us put 

30 

(29.25) g{.x) ~ ^ 5* gk{x) . 

1 

This gives us 

N 

(29.26) g{x) - f{x) = l.i.m. l.i.m. ^ ( 0 '*"+*' + o'*"'*''*' + • • •) ?*(x) . 


fi— *00 IV— *00 


As in (29.22), 


(29.27) 2 I + • • • P ^ S 


Hence 

(29.28) 


Il(x) - fix) \ ^dx = 0 , 


(29.29) 


fix) gkix) . 


The representation of a function /(x) belonging to Ls in terms of the functions 
gk{x) is unique, provided that the sum of the squares of the moduli of the coeffi- 
cients converges. Otherwise there will exist a set of 6*^s, not all zero, such that 


(29.30) 


2] bkQkix) ^ 0 


(29.31) 

These will give us 


> Z > 0. 


fb 2 j 1/2 I « i 

j 2 bifkix) dx\ ^ \j "^bkifkix) - gkix)) dx 


2 1 in 


(29.32) 


sa /* 2 

jV-*oo I J a 


rt « 2 'll/! 


bkifkix) - gkix)) dx 


^eiim • 
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On the other hand, 


(29.33) 




This gives us a contradiction. 
Let 


(29.34) //"(x) = g„{x) + ^ atgtix) + ^ Oi<7t(i) , 

1 n+l 

and let us choose the at’s in such a manner that 


(29.35) 


I H”ix) 1* dx — minimum . 


Tlie classical theory of orthogonal developments (see §11) will show that 
(29.36) Hn(x) = l.i.m. H”(x) 

m — >00 

exists and belongs to Lj, and is orthogonal to every gkix) other than g„ix). It 
is furthermore orthogonal to gnix) — H„(x), which is itself developable in the 
other gic’s. By (29.04) we have 


(29.37) 


Hnix) I* dx 


= lim r \HZ 

m'-*oo J a 


(x) I* dx ^ (1 — By‘ , 


so that no H„{x) is equivalent to zero. Let us put 


(29.38) 


Hn{x) 

l//n(f)N{ 


As we have already seen, 
(29.39) f 


gm{^) hnix) dx — 0 if m ^ n, 


and on the other hand 


f g„{x) hnix) dx = f gnix) dx 


(29.40) 


'' iHnix) -b ignix) - Hnix))) dx 

1 1 Hni& P dk 


(29.41) 


i:- 


(x) hnix) dx = 1 
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(29.42) <I>n{x) = 2 ttnhnix) , 


isix) = ^ a„ g,Xx) . 


Clearly 

(29.43) 


fb 

1 (t>N(.x) 4/n{x) dx = ^ 

Ja , 


and by the Schwarz inequality, 


(29.44) J 

Thus by (29.03), 


\Mx)\^dx / \Ux)\^dx S • 


N l2 


(29.45) 
Again, let 

(29.46) 


I 4>n{x) 1^ dx ^ 




E" l«« 


(i + »)^E"l«"l“ (i + e)* 


4 >n{x) ~ 2 b„gn{x) . 


By (29.42), and the Schwarz inequality. 


I <i>Nix) 1^ dx = ^ a„6„ 


(29.47) 


N il/2 


2 i 


That is, by (29.04), 

^ f 1 <I>n{x) P da: I 

> ' I fl |2 > Ldo J_ 

(29.48) ^ 

j 1 (^y(x) |2 dx 

= (I — ey J I (^y(x) p dx . 

The functions kn(x) are closed. Otherwise there exists a non-null function 
f(x), belonging to L 2 , and such that 


(29.48) 


(29.49) 


f(x) h„(x) dx = 0 


(n = .1,2, •••). 
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On the other hand, we wish to prove that if (29.49) holds valid, 


(29.50) 

Let us put 

(29.51) 


fir) = 0 . 


fir) ~ 2 dnir ) , 


(29.52) 


hix) ~ b„ h„ix) . 


(29.53) 


2 I 5n 1^ = [ fix) hix) dx = 0 . 


This yields our result, and completes the proof of Theorem XXXVII. 
A particularly important case is that in which 


(29.54) a = —IT, 6 = TT, /„(x) 


(—00 < n < oo) . 


Let us suppose that 
(29.55) 


a (x) - L±iilMe- 


(29.56) / (/n(.r) - gn{x)) {fm{x) - gm{x)) dx 


<l>n{x) (pmix) dx , 


If we assume that all the 4>n{xys vanish with their first derivatives at zt tt, and 
are the twice repeated integrals of their second derivatives, which belong to L 2 , 
we get for (29.56) 


1 r*" £>i(.n—tn)z — ; , 

^ / i<t>nix)<t>mix) -I- <t>„ix)d>Jx)) dx 

27r J-rr m — n 


|27r (n - m)2 


1 1 


(29.57) 


(n — mY 


i<f>nix) <t>mix) + 2<l>lix)<t>iix) -}- <t>'’„ix)<t>„ix)) dx 

1 <l>„ix) l^dx J I <^.„(x) I* dxj 

^ [/ ^ l^dx J I 4>Lix) 1* dxj 

|<#.'(x)|*dx jf 1 <^.„(x) I* dxj I 


(n — mY 


/>: 


(x)\^dx / \4>^{x)\^dx\ , 
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(29.58) 

and 

(29.59) 
Thus if 

(29.60) 
we have 


j I <t>'„{x) I* dx g 2ir max | (x) 1 =* 

g 2ir max j j <#'I(x) dx 

^ 2Tr^ J I (^'(x) dx , 

y I <^„(x) I* dx ^ 27r** y I <#)' (x) I* dx ^ 47r‘ y | <^>^(x) |* dx . 


I.u.b. y 1 <#>'(x) l^dx = A , 

rb ^ 

I ^ a„{J„{x) - g„ix)) 

S2,>A±lal\ + 4.A 2 ' 

-N m,n—N ^ ' 

S2,a(|’)Si».I-. 

It follows that if all the <pn{xys are twice repeated integrals of their second deriva- 
tives, which belong to L 2 , if they all vanish with their first derivatives at db^, 
and if 


(29.61) 


(29.G2) I.u.b. j I 0 n(x) |2 dx < 1 ^ 3 , 

then (29.01) is fulfilled. There is no reason to suppose that these are by any 
means the least stringent conditions of the type (which was suggested to one of 
the authors by Professor Birkhoff) which are sufficient. The type itself is inter- 
esting, in that in most of the earlier cases where similar methods of variation of 
a set of orthogonal functions have been applied, the set corresponding to gn has 
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actually been asymptotic to the Set It is hoped that the methods of this 
section may find future applications in the study of special expansion problems. 

30. Non-harmonic Fourier series. We again let a, b, and the functions /„ (a:) 
be defined as in (29.54), and we put 

(30.01) 

where 


(30.02) 


We shall have 


X„ - n I ^ L < - . 

TT^ 


2 «.(/.(>■) - s.o)) - 2 <«■■■ - 


(30.03) 




ix f“ 
= (2)^ 


\p(u) e"‘^ du , 


where ^(w) is defined as follows: 

' if n < Xn , \p{u) = -o„ over (n, X„) ; 

(30.04) < if X„ < n , \p{u) = a„ over (X„, n) ; 

outside these intervals ^(u) = 0 . 


By Plancherel’s theorem, 


(30.05) 




I \l/{u) du 


= ^ I n — X„ I I an p ^ L ^ 1 an 1^ . 


The inequality 


(30.06) 


^ 2 (Inifnix) - ^n(x)) = j ^ ^ ” ^n(a:)) dx 


is obvious. Thus we have 


(30.07) 


N 2 ^ 

^ a„(/„(x) - {i,(x)) dx g ^ I a« 1^ 

—N -N 
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which establishes (29.01) in this case. Thus we may apply Theorem XXXVII, 
and we see that the set of functions are closed L 2 over ( — tt, tt). This is 

a mere confirmation of part of Theorem XXXIV; what is strictly new is that 
if f(x) belongs to L 2 over ( — tt, tt) we may write 

(30.08) 

N 

f{x) — l.i.m. f 

where 


(30.09) 

r °° 

/ |/(^) P dx S const. ^ 1 a„p 

~«© 

and 


(30.10) 

00 /* »■ 

^ 1 fln P ^ const. / 1 /(x) p dx . 

—00 

Defining f(x) as in 

(30.08), let us put 

(30.11) 

N 

f^(x) = l.i.m. Un 6*^^^ . 

V— *00 




It follows from (30.09) and (30.10) that this function will exist and belong toL 2 , 
and by comparing it for different values of we see that we may write it in the 
form 

(30.12) fiix) = fiix 
By (30.09) we shall have 

(30.13) / I ft,{x + f) |2 dx ^ const. ^ 
and by (30.10), 

(30.14) j I ff,(x + {) |2 dx g const, j |/(x) dx . 

Let/i(x) be the periodic function of period 27r which coincides with/(x) over 
(— T, tt), and let 

(30.15) gix) = f^x) - A(x) . 

By Minkowski’s theorem, we have 

(30.16) j I g(x + {) [2 dx g const. , 

and by the definition of gf(x), we have (except at most over a null set) 

(30.17) g(x) = 0 (-7r<X<ir). 


+ 0 


[— 00 < X < oo] 


I a„ I* = const. ^ | On P , 
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Thus 

(30.18) 


w 



l^dj- 


is bounded. It follows that 


(30.19) 


. f- 1 , 

= ~ / J «(«) I’ * + / /__ I »«) !’ 

/; 


< £ + 
= B ^ 


C dx 


where c represents various constants. Hence g{x)/x belongs to L 2 . By Plarj- 
cherel’s theorem, it has a Fourier transform 


(30 20) 


G{u) 


1 , . 

r-— r 1.1. m. I 


(27ry‘'“ A-*oo J-A 

likewise belonging to L 2 , and 

(30.21) 1 i.m. f 

X (27r)»'2 J_ 

It follows that 

1 , . P 

I 1 m I 

(2' 




g{x) dx 


G{u) du . 


[(j(w) — G{u — w)] e*“-^ du . 


On the other hand, over any infinite range, 


(30.23) gix) = /„(x) - /^(x) = l.i.m. ^ (on e’"* - bn , 


so that over (— <», 00 ), 

(30.24) ~ ^ 1 i m. ^ T e-ui - iK f " du 

X j^—*ao ^ \ Jn-\-w J X 

It will be seen at once that since ^* 00 1 | ^ and ^-00 I | ^ converge, (30.24) 

represents g{x) (1 — &^^)lx as the Fourier transform of a function of L 2 , which 
must be almost everywhere the same as the transform given by (30.22). 

This is only possible if 

(30.25) G{u) -f 2 (27r)»'>‘ - 2 (2’^)*'* ~K = const, (u > 0). 

l<n<u l<X^<u 


Let us notice that this and a similar result for negative u lead us to 

(30.26) G(m) = const. 1 1 w -1- i — w | < ttjI 
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except for a null set in each such interval, which we may take to be empty. 
Since G{u) belongs to Lj, this gives us 

(30.27) lim G{n + ^) = 0 

n-*±oo 

and in view of the fact that an and 6n tend to zero as n — > zh oo, we may bo 
define G{u) that 

(30.28) lim G{u) = 0 . 

u-»±oo 

Thus by (30.25) and the analogous result for negative w, 

PO 1 

(30.29) 2 = if = - 2 {ian{2irY’^ - i6„(27r)'«) , 

2 -ao 

which permits us to write 

(30.30) G{u) = 2 tan(27r)'« - 2 *^'-.(27r)>'^ 

ii<n M<X ^ 

In this summation, with the possible exception of the last term, the terms 
iam(27r)^/2 — ihm{ 27 r )’/2 are bracketed. 

Let X lie within the interval ( — tt + c, t — c). Let us put 

(30.31) h\{x) = "1"-^ ( I X I ^ */2) ; F.(x) =0 ( | x | < e/2) ; 

X 

(30.32) H„{u) = l.i.m. F„(x) e- dx . 

A-^oo J^A 

We have 


1 


//„(w) = — ( 0 (u -f ix) -f- <f>{u - w)) , 


(30.33) 
where 

(30.34) .(„) - l.i^. [fj'’ + ] <; 

From this it readily results that 


■ dx 


(30.35) 

On the other hand, 


lim r 

uj— »oo J — A 


Hw{u) \ ^ du ^ lim 


tj>—»ao J—A^w 


(t>{u) I * du 


+ 


/ A-W 

•A—w 


<f>{u) \ ^ du = 0 . 


(30.36) j I HM P du g 2 ^ 


dx _ 4 

/2 X2 ~ e 
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Over the interval (— t e,T — t), we have 

giO sin w(x - 0 ^ = I - f ” 


1 r 

TT J-co 


gii) 


Fu,{x - {) df 


(30.37) 


X - i 

- I G{- u) Hu,(u) e-''‘^du 

TT J-oo 

g ^11' |G(w) Mdw J^ilUu)rdu 

+ ^ {[r + r ] ' [f + c ] 


"l 1/2 


< const. 


/ A ] 1/2 

1 HM \^du\ 


J 

-f- const 


i/ya 


) 1/2 

G{u)\^du} . 


In the last line of this formula, we may first take A so large that the second term 
does not exceed i;/2, and then take w so large that the first term does not exceed 
r)/2. It follows at once since rj is arbitrary that we have 


(30 38) 


lim ‘ r <1^ "" di . 0 

W—*» J — 00 ? X ^ 


uniformly over (— w w — e). 
Now since 


(30.39) 


1 T" 

2 j-u 


du = 


sin wx 


1 f-f 
TT J-oo 


Sin wx 


dx = 


1 1 if I u I < w ; 
1 0 if I u 1 > w ; 


it follows by the Parseval theorem that 

1 f [ G{u) du 

TT j_„ ? X — $ (2ir)‘'2 


(30.40) 


^ r„ G{w) ® 


(2ir)'/2 


1 p—%WX 

ix 

" e*“^ dG{u) 




(2ir)i'2 ■ 

ix 

However, 




(30.41) - 

1 

■ J 

r® e'" dG{u) 
l-u, ix 

if**"’ 

- ^ a„ e‘“ - 2 

^L-Itol t«>X„>-w 
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Since G{w) tends to zero as w ± <» and >0asn— <», 


(30.42) 


f [°° sin w jx - 0 

IT J-«, ^ X - ^ 


^ (a„ e‘“ - hn + o(l) ^ 


and by (30.38) we have uniformly 


(30.43) 


lim ^ (a„ — b„ = 0 


over (— TT + f, TT — (). We thus obtain 
Theorem XXXVIII. Lei 


(30.44) 


X„’ — n 1 ^ L < ~ 


[n = 0, 1,2, ; -1, -2, 


Then the set of functions is closed Lj over (— t, tt), and admits a unique 

dosed rwrmal biorthogonal set {/in(a:) j . If f(x) is any function belonging to over 
(— TT, tt), the series 


(30.45) 


/($) e-*"* de - e*''-*" / /(f) /i„({) df 


converges uniformly to zero over any interval (— — t), and over any 
such interval the convergence and summability properties of the series 


(30.46) 


00 - ^ 

2 j /(f) h„(0 df 


are the same as those of the ordinary Fourier series 


(30.47) 


■A gtni /■' 

^ 


/(f) e-*»f df . 


We still do not know whether this equivalence holds for functions of Li in 
general, or indeed, what any of the properties of such series are. We definitely 
do know that the properties of equivalence which we have established do not 
hold for absolute convergence, for the alteration of a single one of the functions 
is in general enough to upset these properties. 

We have no proof that the constant I/tt^ which occurs in (30.44) is a best 
possible constant. In (30.06), in replacing 

rco 1 ^ 2 

(30.48) / ^2 2 ^ 
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by 

(30.49) 


^ anifnix) - g. 


ix)) 


dx 


we have gone through the intermediate stage 


(30.50) 


/ T ^ 

■1 2 a„(/„(i) - g„(,x)) 

^ —ht 


dx . 


It is perfectly possible to produce examples to show that the transition from 

(30.50) to (30.49) is in some sense a best possible one, in that all the large values 

of — gn{x)) may be concentrated near dr tt. The transition from 

(30.48) to (30.50) may however involve a loss of accuracy harder to take 
account of.* 

Theorem XXXVIII proves both more and less than Theorem XXXIII, which 
we have established by quite different methods. The interval of Theorem 
XXXVIII is narrower than that of Theorem XXXIII, but on the other hand, 
we have given up the conditions that Xo = 0 and that X_n = — Xn. We have 
also proved far more than simple closure. 

The biorthogonal set of functions {hn{x) } deserves a certain amount of atten- 
tion. We shall confine ourselves to the case in which Xo = 0, X_n = — Xn, or to 
the closely related case differing from this in only a finite number of X^^s. This 
second case is so like the first that we do not need to take up its properties 
separately. 

Let us then put 

(30.51) G{z) = 2 n - 5 ) • 


By Theorem XXX, G(z) will not belong to Lj along the real axis, but G{z) Iz will 
so belong. Thus the functions 


(30.52) 


K{x) = 


1 


2x-G'(X„) 


l.i.m. { 
^_»oo J- 


G{u) , 

c^^^du 


A U — Xn 


will all belong to Lj. By (27.20) we shall have, except over a null set, 

(30.53) hn(x) = 0 li X I > tt ] , 


and since the functions G(u)/{G\\n){u — Xn)) are analytic, taking on the 
value 1 at Xn, and the value 0 at Xm(w n). 


(30.54) 






hm{x) dx 


[1 if m = n ; 
[0 if m 33 ^ n . 


* The constant l/r* has been recently ina proved by Dr. H. Malin in his dissertation at 
the Massachusetts Institute of Technology. The best constant is not yet known. 
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Thus the functions hn{x) are the functions represented by the same symbol in 
Theorem XXXVIIL They are a closed set over (— tt, tt), and if f(x) belongs to 
L 2 , 

ao * 

(30.55) fix) ~ 2 ■ 

_c« J—'W 


In this case, 

00 - ^ 

(30.56) ^ 2 I 


^ J"|/(x) ^ C M: fiO df 


as Theorem XXXVII shows. 


By a Fourier transformation, 

, we have 

(30.57) 


N 

l.i.m. 2 

N-*oO 

where 



(30.58) 

On 



in the extended sense that if eitlier side of the inequalities exists, the other will 
exist and satisfy the inequalities. 

The expression 


(30.59) 


IV 


l.i.m. 


s 

—N 


On G{u) 

G\K){u - XJ 


may be regarded as the Lagrange interpolation formula for a function assuming 
the values an for the arguments Xn. We may summarize our results, as far as 
they concern interpolation, as follows: 

Theorem XXXIX. Let 


(30.60) 1 X„ - n I ^ L < i (n = 1, 2, • ■ •); Xo = 0; X_„ = - X„ . 

TT^ 

Let (30.59) be called the Lagrange interpolation formula for a function assuming 
the values an at the points X„. Then the class of all functions defined by such 
Lagrange interpplation formulas for which 

00 

(30.61) 

—00 

is the same as the class of all entire functions 0(w) belonging to L 2 along the real aziSj 
and satisfying 

lim — log | ^ 1 ; 

I" ■—♦00 TT J * 


(30.62) 
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or along the real axis, is the same as the class of all f unctions of L 2 with Fourier 
transforms vanishing outside (— tt, tt). Furthermore (30.57) and (30.58) hold 
good. 

In establishing this theorem, we have used Theorem V. 

31. A new class of almost periodic functions. We shall say that f{x), a 
(generally complex-valued) function of the real argument x(— 00 < x < 00 ) 
is pseudoperiodic if/(x) belongs to L 2 over every finite range, and there exist two 
positive numbers, A and B, such that if (ui, • • • , fln) is any set of complex num- 
bers and {hi, . • • ,hn) any set of real numbers, and x and y are real, 


(31.01) 


r? 


f{^ -f- hic) 


r? 


/(f -f- h/c) 


- < B. 

dk 


We shall call the greatest lower bound of A for all 5 > 0 the pseudoperiod of f{x). 


Theorem XL. The class of pseudoperiodic functions is equivalent to the class 
of all functions not equivalent to zero which belong to the class Stepanoff 2* whose 
characteristic frequencies {Xm} urc so spaced that 


(31.02) 


g.l.b. I Xm - Xn I > 0 . 


Here a function f{x) of L 2 is said to belong to class Stepanoff 2 with character- 
istic frequencies {Xn}, if given any e, we can find an integer N and a polynomial 

N 

(31.03) P.(x) = 2 


such that for every x 

(31.04) \ P.i0 <e. 

Let/(x) be such a function, and let (31.02) be positive and greater than L. 
Then the functions 


( • 

I sin — 

J gtXnx ^ , 

X 


have Fourier transforms 


• W. Stepanoff, Sur quelques generalisations des fonciions presque piriodiques, Comptes 
Rendus, vol. 181, pp. 90-92. 
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0 if I Xn + w I > 2 » 

which differ from zero over non-overlapping ranges, and are orthogonal. Thus 
using Plancherel’s theorem, 


(31.05) 


(27r)i/2 


£ 


sm 


Lx 


piux piXnX 


dx = 


(31.06) 


J^JP.(x)p 




1 


Hence 

(31.07) J I P.(a:) dx ^ ^ S I ^ ’ 

and in general 

r r / L + y _3 « » 

(31.071) / I P.(x) g V I On 1^ 

J~r/L^y ZL ^ 

Now let 2']' I a„ be given. By (31.071), if A > irlL , 

(31.08) 1 P.(x) I M.t g TrU 2 I I ' • 

J~A , 


Thus 


(31.09) 



Hence using (31.06) 

(31.10) £ I P.(x) 1^ dx^ 2 I «"l^ 


and if c > 0, 
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(31.11) 


/ 4w^/(irL-2 c) A f4T^/(xL-2c) 

\P.{x)\^dx^ j-l \P.ix) 

■4 /(xL~2 c) J-4x^/{xL-2c) 

n 

4c 


sin-* 


. Lx 


dx 


8c irL — 2c 


- JJ-K^ 4x2 
We have thus established (31.01) for 

8x2 2c 


J-4 /{r 


X L— 2 c )+ 1/ 


L-2 c)+v 


I PAx) dx 


(31.12) 


A = 


B- 


'L2 


(xL - 2c) , 


xL - 2c ’ 

and for P,(x) and its translations and their linear combinations, instead of f(x) 
and the functions similarly obtained from it. By the Minkowski inequality 
the result may be transferred to f(x) itself. By (31.12) the pseudoperiod of 
/(x) is not greater than 8x/L. 

On the other hand, let f(x) be pseudoperiodic, with A and B as in (31.01). 
Over any finite range, if K{x) belongs to Lt and vanishes outside (— D, D), 
/!!«, K{x - Ofi^) di can be approximated to in the mean by a polynomial 
22-.V an/(x - bn)* and hence if (x, x + .4) and (y, j/ A) be within this range, 


(31.13) 


fx + A 

! X 

J’°^K(v - OfiOdk 

2 

drj 

fyAA 


2 

i. 

1 ^K(v- d^\ 

drj 


^B. 


Since the range is arbitrary, this holds for all real x and y. In particular, if 


(31.14) 


/.(x) 


1 

e Jx-, 


\i-x\ 


\m di, 


i: 


K(x - 0 /(O 


/ 


- 0 fU) ; 


'-DAx 


therefore over any finite range of x we can use /^(x) = /(x), | x | S fsM * 0, | x | > N. 
Let the transform of be g]^(u) and of K(x) be k{u). Then we want to approximate 

in the mean to 



kiu) du 


L 


DAr X 

DA~x 


K{x - 0 /(O di 


over any range | x | < A — • D. If we now use the Plancherel theorem and the Minkowski 
inequality and we expand k{u) into a Fourier Series over ( — c, c) so that 


k(u) -- 2 


a„ 


over this range, then we have the L2 approximation in the desired form X)-n (inf(x 4- bn)- 
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and it results that for some ( between x and a: + (J) g C. Hence by 

(31.18) 

(31.20) |/:(x)| < C. 

Similarly, by (31.15), 

(31.21) |/e(x)| < C. 

Thus the functions fe(x + an) are equally bounded and equicontinuous, and 
over any finite range, if |(rn| is any sequence of real numbers, it contains a 
subsequence jMn! such that 

(31.22) lim/*(a- + Mn) = gAx) 

n-*oO 

exists uniformly. By (31.01), over — « < x < «>, 

(31.23) lim |/.(f + mJ - fM + Mn) = 0 , 

m,n— ♦« Jx 

so that uniformly over any range (x, x -j- A), 

(31.24) g.(x) = l.i.m./.(x + /i„) 
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exists. We shall have uniformly 

(31.25) i f g.iO = \im^ [ /,(f -f mJ • 

That is, 

(31.26) ct>,{x) = jjy m) d^ 

is normal* in the sense of Bochner, in that every sequence </>e(x + 6„) contains 
a subsequence with a uniform limit over ( — <» , oo ), and hence is almost periodic. 
As a consequencet 

(31.27) a, = limi 

r— « i Jx 

will exist uniformly in x for all A, and will differ from 0 for only a denumerable 
set {An! of values of A. By (31.13), 

(31.28) 


f J/ + A 

1 

J 

X «Ani J 

rxiT 

' (/..(|)e'^"'^“"’ df 

X 

2 

dx 

r 

«a.,T j 

fx + T . 

Z J 

? x+r 

1 dr 

X 

2 

dx 


and by (31.27) 



rv + A 

/ - e-’''""|*dx 

(31.29) 

j dx 

That is, 

fv + A 

1 (1 - cos (A„ - A„)x) dx 

(31.30) 

- 

J (1 - cos (A„ - Ajx) dx 

whence if A„ 

> An and A^ — An is small enough and we let 


TT A 


~ A - \ ~ 2 ’ 2-- 

'“m “‘n " 


• A. S. Besicovitch, Almost Periodic Functions, Cambridge, 1932, p. 10. 
t Ibid , p 15. 
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(31.31) 

from w'hich we get 

(31.32) 


1 + cos (A„ - A„) -- 
1 - cos (A„ - A J — 


<B, 


(A„, - A„)-| > 


It results from another fundamental theorem in the theory of almost periodic 
functions* that we may approximate uniformly to <l),{x) by a polynomial 


N 




(31.33) 

Over (—D, D) let 

00 

(31.34) f{x) . 

— 00 

Then w’ithin (— D + 2t, D — 2«) 

4/)== 


(31.35) 
and 

(31.36) 
Thus 

(31.37) 


fXx) dk 4-^- sin^ 


mrt 

W 


jinirz/D 


♦•w - S * S' ™ f 


lim f I fix) — <t>,(x) 1 2 dx 
f-^O J~D+2 t 


t--*0 



2 

41P 

. „ nwe . 

Hire 

dn 


- “3^3,3 

sm^2/;«>n 

u 


0 . 


By an argument exactly like that used to establish (31.13), if 2Z> > ^4 + ie, 

(31.38) lim j \f(x) - <^,(x) | ^ dx = 0 

e-O Jx 


lbid.,p. 29. 
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uniforinly in x over ( — oo , °°). It follows from (31.33) that we can find for any 
e a polynomial such that 


(31.39) 



fix) — ^ h e 


dx < t 


uniformly over (— oo), hence, 

(31.40) ^ fix) e-'-'k- di < € -f 1 j , 

and Tlieorem XL is proved. 

Let us notice that in a classical theorem of Stepanoff a function almost 
periodic in the sense Stepanoff 2 has associated with it a denumerable set j\„| 
from which the exponents Aa. of (31.40) may be selected. Furthermore, if we 
are given a pseudoperiodic function /(x) with the exponents {Xn} we may write 

oo M ^ 


and 


fix) - 2) W i-T ^ 


dx = 0 . 


1 

(31.42) lim hm 1 

ff—*oo Ti— *00 1 J—Ti 

It follows from (31.41), (31.08) and the Riesz-Fischer theorem that over any 
range of length A, we have a function gix) such that uniformly in y, 

ry^A ^ — - pt\n^ f 

(31.43) lim J gix) - S I™ ^ J dx = 0. 

This function gix) will clearly be pseudoperiodic, as will fix) - gix). By 
(31.42-3) and the Minkowski inequality. 


I fix) - gix) 1 2 dx = 0 , 


(31.44) f 

7'— »oo J—T 

from which it will readily result that for all ?/, 

(31.45) ^ |/(x) - j;(x) l*dx = 0, 

or that /(x) is equivalent to gix). Otherwise we should have some not 

equivalent to 0, whence by pseudoperiodicity no could be equivalent to 

0, and (31.44) would be impossible. Thus 


Cv'^A ^ ^*Xnx ^ 

(31.46) lim / fix) - ^ lim / /(f) d{ 

A 1-.00 Jy r-** J—T 


dx = 0 


uniformly in y. 
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In general, let I M converge, and let (31.02) not vanish. It will follow, 
as in (31.43), that there exists a function g(x) as in (31.43), which over any 
length A is the uniform limit in the mean of the functions an as n — ► oo . 
An easy procedure to the limit from (31.07) and (31.11) will show that if (31.02) 
exceeds L, 

(31.47) S I .. I > g U(») I ■ i S I a. I ■ , 


and from this it follows that g(x) is pseudoperiodic. 

It results at once from (31.47) that the convergence theory of the formal 
series XlT of pseudoperiodic functions follows closely the lines laid down 

in Theorem XXXVIII. Indeed, the methods of proof of this theorem allow us 
to conclude directly that 

Theorem XLI. If f(x) is a pseudoperiodic function with the formal series 


(31.475) Y lim ^ / /(f) df = Y a„ 

T-*co J-T 

and if over ( — tt, tt) 

(31.48) /(x) ~ ^ j bn c*"f , 


then over (— t + c, tt — e) we have uniformly 


(31.49) lim [ ^ On -* ^ ) = 0 . 

"^-"“VlX^KAr -isr / 

In particular y the convergence y Cesdro summabilityy etc,, of the e'^^^ series of f{x) 
are the same cls those of its Fourier series uniformly over ( — TT + C, TT - €). 

32. Theorems on lacunary series. We proceed to prove 

Theorem XLII. Let no an vanish, and I | ^ converge, and let 

. . . < X-n < • • • < X_i < Xo < Xi < . . . < Xn < • • • . Let* 


(32.01) lim (Xn+i — Xn) = » . 

n— »±oo 

Let 


(32.02) 


N 

fix) = l.i.m. 2j 


• With the aid of the Fabry gap theorem (vide infra), we may prove the more general 
theorem derived from Theorem XLII by replacing (32.06) by 

lim ~ — CO. 

n— *±«> W 
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over every finite range. Let f{x) be equivalent to zero over any interval^ (a, h). 
Thenf{x) is equivalent to zero over every interval^ and all the afs vanish. 

To begin with, let L be any positive quantity. Let N be so big that if 

1 n I > V, 

(32.03) Xn+l -~\n> L. 

Let € < (6 — u)/2. Let \l/{x)y which can be constructed by orthogonaliza- 
tion, belong to over (—€, e), and let \l/(x) e~^^^ dx not vanish for a given 
but vanish for all Xn^s (other than the given one, possibly) for which 
I n I S N. Let 

g{x) = I’ miix - 

/ * _ ^ _ 

l.i.m. 2 On d( 

A--” 

00 ^ ^ 

= ^ a„ / . 

Then g{x) will vanish over (a + €, 5 — c) since /(x) vanishes over (a, 6), and will 
be the uniform limit of series (32.04), which will contain a term in with a 
non-zero coefficient, but which will contain no two X’s closer together than L. 
Then by (31.11), g{x) cannot be identically zero over any interval of length 
Ott/L, and if L > 97r/(6 — a — 2e) this leads to a contradiction. 

Let it be noted that Theorem XLII resembles Theorem XXXVI in being a 
gap theorem, but differs in that Xn need not equal — X„n and in that the 
are not multiples of a common unit. On the other hand, Theorem XXXVI is 
concerned only with the lower density of the Xn’s. 

A gap theorem closely related to Theorem XLII is 

Theorem XLII'. Let ■ > < X_n < • • < X_i < Xo < Xi < • • • < X„ < • • • , 
and let (32.01) hold. Let 

00 

(32.05) 2/ I I ^ ” 

— 00 

for 0 < r < 1. Let 

(32.06) /(?', x) = l.i.m. ^ a» r * 

over every finite range. Let us define 

(32.07) f(x) = l.i.m. /(r, x) 

r-* I 
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for any interval (a, b) over which the indicated limit in the mean exists. Then if 
f(x) exists over any interval^ it exists over every interval. If fix) is over any interval 
the n-foU integral of a function of L 2 , it is such an integral over every interval, 
apart from the arbitrary set of measure zero over which it is indeterminate. If fix) 
is infinitely often differentiable over (a, b), if 

(32.08) [ \^dx < D" Al, 


where D is independent of n, and if 
(32.09) An> n\, 


then if d > c, there exists a positive P, such that 


(32.10) 


I /^^*^(j) \ ^ dx < Al . 


If fix) is analytic over any interval, it is everywhere analytic. 

This theorem has been proved by N. Wiener in a paper fortlicomiiifz: in tlie 
Pisa Aniiali. It has as an immediate corollary the result that if in the power 
series 2a,* 2 ”, the gaps between successive exponents of terms with non-null 
coefficients tend to infinity, the circle of convergence of tlie series is a natural 
boundary. Each arc, that is, must contain a singularity. Again, Theorem 
XLII is an immediate corollary, for if fix) vanishes over any interval, it is 
analytic everywhere, and hence must vanish everywliere. 

Wiener has made an attempt to use methods of this type to prove the cele- 
brated Fabry gap theorem.* This theorem yields the circle of convergence as a 
natural boundary on the lighter hypothesis, not that X„.|i — X,* -■> but that 
X„/n — > 00 . So far he has had no success. On the other hand, the methods 
indicated are as applicable to Dirichkd as to Taylor series. 

We now come to the proof of Theorem XLII'. Let us notice that after (a, b) 
is fixed, we may take 

(32.11) l.u.b. lXn -,1 - XJ 

as large as we like, say > L, for to do so, we have only to remove from /(r, x) a 
polynomial in tending to a definite analytic limit as r — ^ 1. Such a func- 
tion is analytic in x, and if we write it Pr(^), there exists a constant K such that 

(32.12) \ \ < K- . 

Thus there is no restriction in putting 

Qtt 

(32.13) Xn+i -\n> -I (n = 0, 1, 2, . . . ; --1, --2, . . . ) . 

0 ~ a 


Cf. P. Dienes, The Taylor Series, Oxford, 1931, pp. 372 ff. 
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Thus by (31.11) and tlie following discussion, if 

. d 

(32.14) 


■ c 

— = V, 

a 


we liave for an appropriate constant i?, 


(32.15) 
and similarly 


/(r, x) dx S B{v + 1) 




x) \ ^ dx , 


(32.16) 


I /<")(?-, x) dx ^ Bif + 1) I r"Kr, x)l‘dx. 


A furtlier result of the same type is 

(32.17) I f(r, x) - f(s, x) dx ^ B(j> + 1) I f(r, x) - f(s, x) dx , 
and as the existence of f(x) requires that 

(32.18) lira f I f(r, x) - f(s, x) j^dx = 0, 

r, «— ► 1 Ja 


it follows that 
(32.19) 


lim 

r , » I J c 


f{r, x) - fis, x) l^dx = 0. 


'rims by the Riesz-Fischer theorem, f(x) exists over (c, d). In exactly the same 
way, we may show that if /(x) is the n-fold integral of the function /("'(x) be- 
longing to Lz over (a, b), we may extend /<’‘'(x) to (r, d), and 


(32.20) 


1^“ I r^Kx) \ ^dx^ B{p + l) £ \ /<">(x) l^dx. 


This enables us to make a simple transition from (32.08) to (32.10). 

If fix) is analytic over (a, b), then over some interval (a -f e, h — «), 
we have* 

(32.21) 1 r"Kx) 1 < c"n! , 

and vice versa. Let (r, d) be any interval containing (a, i>). We have 


(32.22) 


/ I /'"’W 


^dx < c?’■(n!)^ 


* For in such an instance, 2:/<’'>(x) ({ — w)”/n! has a positive radius of convergence for 
every x, and hence, i)v the Heine-Borel theorem, this radius of convergence has a lower 
bound. 
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Hence for some other Co 
(32.23) 

Thus over (c, d) 

I I ^ I /"-»(a) I + 


f' I 




(32.24) 


It follows that 
(32.25) 


g cjn! + <{1 x - o I ^ l/‘"’(^) 


1/2 


^ + (c2*c”(n!)2)i/2 

^ cjn!. 

I g cjn!. 


However, this implies the statement that f{x) is analytic over every (c + e, 
d ~ 6), 

It is interesting to note the complete picture formed by the results of the 
present and the last chapter, particularly in what concerns the closure properties 
of where | Xn ~ n | < L. We have already seen that if X_n = — Xn the 
set becomes closed on the adjunction at most of a finite number of terms, and 
ceases to be closed if we drop at most a finite number (Theorem XXXIII). 
If we consider the same set over any interval of length greater than iw/L it 
results at once from Theorem XL that the set is one in which 0 cannot be 
expanded with coefficients, the sum of the squares of which converges. On 
the other hand, over an interval (— l/(7rL), l/(7rL)), the set (Theorem 
XXXVIII) contains a subset with an L 2 expansion theory substantially the 
same as that for expansions in ordinary Fourier series. 

In general, the results of the present chapter, although they go much farther 
than any previous researches in this direction, are fragmentary at almost every 
turn. In scarcely any case do our theorems state necessary and sufficient con- 
ditions, and as a matter of fact it is highly improbable that most of our results 
are of this nature. Our inequalities are nowhere shown to be the best possible. 
It is the opinion of the authors that these limitations are inherent in the methods 
employed; that while their power has not been completely exhausted, some 
radically new idea is needed if we are to bring this theory into its definitive shape. 



Chapter VIII 

Gfaeralized harmonic analysis in the complex domain 


3.1. Relevant theorems of generalized harmonic analysis. Wiener* and 
others have developed a theory of generalized harmonic analysis. This is a 
theory of developments in series of trigonometric functions which includes as 
particular cases the Fourier series and the Fourier integral, but which also 
includes tlieories such as that of white light, which do not come under either of 
the above headings. His theory has so far been confined to functions which 
may be complex-valued but are of real arguments. Now every theory of the 
harmonic analysis of functions of arguments in the real domain lias an associated 
theory of functions of arguments in the complex domain. In the case of the 
Fourier integral, the associated theory is that of the Laplace integral; in the case 
of the Fourier series, the associated theory is that of the Taylor and Laurent 
series; and in the case of non-harmonic developments in discrete trigonometric 
functions such as are found in Bohr’s theory of almost periodic functions, the 
associated theory is that of the Dirichlet theory. It is the purpose of this 
chapter to extend the Wiener theory in the same sense and to subsume under 
this general theory certain theorems concerning almost periodic functions. To 
this end we shall have to carry over certain results from Wiener’s book. It does 
not come under the purpose of this chapter to prove these theorems or, indeed, 
to give any very detailed discussion of their significance. We shall simply 
remark that/(x) represents the function subject to harmonic analysis; that s(u) 
represents the integral of the Fourier transform (which itself does not exist) up 
to the argument u, and that S(u) represents the total energy in the spectrum of/ 
up to the frequency used. </)(x), as we shall define it below, is the so-called 
Faltung of / with itself, and S(u) may be determined in terms of alone. S is 
the class of functions f{x) determining a '‘spectrum” *S(r), and S' is the sub-class 
of S for which in a certain sense the spectrum contains no energy at infinite 
frequency. 

The theorems and definitions which we shall quote come from Chapters III 
and IV of Wiener’s book. They read as follows: 


Theorem 20. Letf{x) be a measurable function for which 

(33.01) ^ I I* 

(s bounded in T. Then 


(33.02) 



I f(^) I 
1 + 


dx < 00 . 


* The Fourier Integral and Certain of its A pplications, Cambridge, 1933. 
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Definition. 


(33.03) 


+ 


f 

(27r)>« J-i 


p—lUX 1 

fix) ^ — dx . 


IX 


Let it be noted that under the hypothesis of Theorem 20, s(u) will exist for 
almost every u. 

Theorem 22. Under the hypothesis of Theorem 20, 

I fix) 1^ dx 


(33.04) Urn f 1 s(m + «) - s(w - «) | ^ dw = lim L / 

^-,0 47re J—as r-*<30 J— 

in the sense that if either side exists^ the other exists and has the same value. 


Definition. 

(33.05) <t>(x) = lim i f f{x + f) /(f) df . 

7*— *00 Zi J—T 

Definition. S is the class of measurable functions f(x) for which 0(a:) exists for 
every real x. S' is the class of functions of Sfor which <l>ix) is continuous. 

Theorem 36. If fix) belongs to S, then 

1 r* ^-lux _ 1 

03.06) 

exists for every u. 

On page 162 of Wiener’s book there is a formula which reads 

(33.07) aiu) = const. + l.i.m. / 1 + e) - siu ~ e) du , 

and is numbered (21.257). This formula states more than has actually been 
established at the point in question, and should read 

(33.08) aiu) = l.i.rn. j^^(e) + I + e) - s(m - e) | ^ duj . 

In Theorem 36, Wiener show^s that if fix) belongs to Sy criu) — S iu) is a constant, 
except at most over a null set. Thus except at most over a null set, we have 

(33.09) Siu) = l.i.m. ^ifit) + | «(« + t) - s(u -«)!=“ duj . 

Theorem 30. Let fix) belong to S. Let xKix) belong to Li, and (1 + \x\)Kix) 
to L 2 . Let 

gix) = jf ^ Kix - {) /(f) df . 


(33.10) 
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Let S(u) be defined as in (33.06), and let 




1'^ (g-tui _ 1) dx 

(33,11) 

— ix 

X j ^ Kix + 

Then 



(33.12) 

Tiu) 



^ J-r 


13.12) \j I 

Here we replace the a of Wiener’s formula by S. 

Lemma 293. U nder the hypothesis of Theorem 30, 

lim - / 1 t(u + e) - tin - () - {s(m + «) - s{u - e)! 

€-»0 « 


(33.13) 


X / A'({) du = 0. 


(33.14) 




g(x) dx 

— IX 

(27r)'>'2 i_ , 


Lemma 29s. Under the hypothesis of Theorem 30, g{x) will belong to S’. 

34. Cauchy’s theorem. Let 

(34.01) j I fix) \ ^dx = OiA) . 

Then, as in (33.02), 


(34.02) 


I fix) I * dx 


7 -. 1+x^ 

Thus if fix + iy) is analytic over a ^ x ^ b and 


= 0 ( 1 ). 


(34.03) 


fix + iy) dy = OiA) 


uniformly in x over a S x ^ b, the function 

fix + iy) 
X -j- ly — c 


(34.04) 


(c > b > a) 
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belongs uniformly to Lj over a ^ x ^ b. Thus by (3.38), if a < x < 6, 


(34.05) 


fix + iy) ^ 1 p fib 4- iy) dy 

x + iy - c~ 2ir j-m ib + iy - c)(6 + iy - x - iy) 

1 r /(a -j- iy) dy 

2ir /-«, (a -f iy — c)(o + iy — x — iy) ' 


Now, 

(34.06) 
so that 

(34.07) 


X ly — c 


1 


1 


(6 + iy — c)ib + iy — X — iy) b + iy — x — iy b iy — c 


Six + ij) - i [jib + >,) d, ) 

r ^ — ) 

2 t J_« \a + IT) — X — ty a -{■ ly — c/ 


Let us form 

(qt 

<^„(x) =0 (x < n) ; 4>nix) = — ■- — (n g x < n + 1) ; 

<t>nix) = 1 - (n + 1 ^ X < n + 2) ; 

(^„(x) = 1 (n + 2 ^ x) ; 


and the transforms 

(34.09) 
and 

(34.10) 


Kiiz) = j^%n(f)e«Mf 


Kiiz) 



- l)ef'df. 


We shall have at infinity for any x < 0, 

(34.11) Kiix + iy) = ^(“3)’ 


and for any x > 0, 


(34.12) 


K,ix + i») - o(i) 
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Now let us consider the function 

hiiz) = ^ K,{x + iy - z) (c > 5R(2) > x) 

z - X — jy z — c 

(34.13) = j" pt(x+,j-r) f'O 

^ g{u+.^n f°° gfu-.) ^ 

Jn+ 1 2 Jq 

and 

hziz) = 1 K 2 (x + ly ~ z) (9f(2) < x) 

z ~ X — iy z c 

(34.14) = ^ j ^ 

1 2 Jo 

We see that /ii( 2 ) and h^iz) represent the same analytic function, which is more- 
over 0(1/3(2)^) at infinity. Thus by Cauchy’s theorem, 

(34.15) 0 = ~ / fib + IT}) hiib + ir}) dr} — f /(« + + i^i) drj , 

ZTT J—isc ZtT j X 


and by (34.07) 

fix + iy) = j fib + tri) Kiix + iy - b - zij) dt] 

1 

- 0 “ / + *’)) ^^(x + iy - a - i*?) ^ 

Ztt J~-» 


(34.16) 


By (34.02) these integrals are absolutely convergent. 

Let us now assume that/(a + iy) and f{b + iy) both belong to *S, and that for 
d ^ X ^ bj (34.03) is uniformly satisfied. Let us put 

fix + iy) e- dy 

J-A J -iy 

1 r ‘ /(x + iy) (e-*"" - 1) dy 

(27r)>'2 ■ ^iy 

Then by (33.13) and (34.16), 

1 f" 

liin - / 1 six, u 4- <) — six, u — () — |s(?), u + «) — sib, u — t)} 

(34.18) •-'0 * d-« 

X <t>niu) 4- { sia, U 4- 1) - s(o, w — e) 1 (<Ar(u) - 1) |* du = 0 , 


six, u) = l.i.m. 


(34.17) 


(2ir) 


1/2 


[/ 
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where 


(34.19) 


4 >„(w) = -- I Ki{x - b + iy) 6“"“' dy , 

ZtT J—oo 


(34.20) i<l>nM - 1) = — / Ki(x — a + iy) dy . 

Z'K J—oo 

It will immediately follow by proper choice of n that over any finite range, 

1 P 

lim ~ / I sixy w + c) — w — f) — I s{hy u e) — s{hy u — e) ) |2 du 

f Ja 


(34.21) 


1 

= lim - / I s(xy u + e) — u — t) 
e-O € Ja 


}«(a, u + c) — 5 (a, u — rfi/ 


Furthermore, if e is smaller than some quantity independent of B and a:, using 
(38.04), 

- f I \s{by u e) — s(by u — e)} |2 du 


(34.22) 


g --- / I s{by ii e) — s{b, u — e) p du 


< const, 


Similarly, 


( 34 . 23 ) 


{s{a, u e) — sioy 7^ — e) 1 p du ^ const, . 


lim - / I &‘(.T, 7t + e) ~ s(x, u — e) p du 

«-~*0 ^ 7 -w 

(34.24) = lim lim - j | s{b, u e) — s(6, u — e) 

1 f'" 

=: lim lim - / | s(a, + e) — s(a, u — e) p c 2 u(i-a) ^ 

^-♦00 « -♦0 ^ J—A 


(34.25) lim - [ j s(b, Z4 -f c) — s(5, u — e) p e 2 uU- 6 ) du 

€-0 c 
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and 


(34.26) lira - / | s(a, w + «) - s(o, u - e) ]* du 

€-♦0 € J-A 

exist for all .4’s of an increasing sequence tending to infinity. 

Let US put 

(e-«£ — 1) df 


(34.27) 


«) = /. 




1 

X lim / fix + iy + i^) fix + iy) dy ; 

r-»oo J—T 


Tiix, u) 


-jl_ r 

( 2 , r )»/2 J -. 


,. ± r ^ 

- ii ““ 2T J-T 4t= 


(e-.uf _ 1) df 


(34.28) 


X j /(i) + tn) + iy + i^ — b - ii\)dn 

"X j fib + iv) Kiix + iy — b — iri) dn ; 


“) - X. 


_ 1) d{ ,. 


JL f ’’ 

27 j-r 


dt/ 


if 27 J-r 47r* 


(34.29) 


X y /(o + i»?) I^j(a: + iy + if — o — iij)d»; 

I 


X / /(a + ii?) K 2 (a: + ij/ — o — ii?) • 


By Theorem 36 and Lemma 29«, Ti{x, u) and ?’j(x, u) will exist for every u. 
By (33.09) and (33.13), 


(34.30) 


Tiix, u) = l.i.m. ^Pii) + i 
<~>o L 


)l/2 


X y I s{b, w + t) — s{h, M — «) I * [<)n(M)] ® du j . 

Now, if we have a sequence of monotone functions /„(*) converging in the 
mean to a limit fix), we shall show that it converges almost everywhere to fix). 
We have uniformly 

(34.31) ^ f /(f) df = lira ^ /„(f) df . 

y 3B- i n-»oo M y *- « 

From this it follows that independently of € > 0, 
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Furthermore, by Weyl’s lemma to the Riesz-Fischer theorem, there exists a sub- 
sequence {/nt(a:)l (A: = 1, 2, • • ■ ) of {/n(a:)l, converging almost everywhere to 
f{x). Thus f{x) is monotone over a set of points S differing from the whole 
line at most by a null set. This set is of course everywhere dense. Let F{x) 
stand for the value of /(x) thus defined for values of x in S. If y does not lie 
in S, let us put 


(34.321) 


f(y) = (1/2) r l.u.b. Fix) + 

L * in Z, x<y 


g.l.b. 

* in Z, x>y 



and otherwise let f{x) = F{x). Then f{x) will be everywhere defined and 
monotone. 

Again, by (34.32), 


fnix + e) ^ lim 


(34.322) 


^ 1 
im — 1 

,->o 2 j/ J x—h 




1 r^+’i 

lim /„(x - *) ^ lim - / /(i)df, 

n-»oo if-^o Zrj Jx-71 


and by the fundamental theorem of the calculus, we have almost everywhere 
(34.323) li??/»(x + e) ^ fix) ^ Imi fnix - e) . 

n--*oo n — +00 


Thus almost everywhere 

(34.324) fix - e) g lim f^ix) g iHii /„(x) g fix + «) 


and hence almost everywhere 

(34.325) lim/(x — e) ^ /n(x) ^ lim fnix) ^ lim/(x + t) . 

f — *0 n — +00 n — +00 «— +0 

Since a monotone function is almost everywhere continuous, this yields almost 
everywhere 

(34.326) fix) g fnix) g Ihi; fnix) g fix) . 

n— +00 n -+«0 

Thus it results that for almost all x, 

(34.33) fix) ^ lim fnix). 

n-+oo 

This theorem allows us to use lim in place of l.i.m. in (34.30). 

Now let n be taken as an arbitrarily large negative number in (34.30). Then 
for almost all 

(34.34) I ’ * 

= Tlix, A) — Tiix, — A) . 
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Similarly, for a large positive choice of n, we get 

" "~4 tiT 2 f I w + «) - s(o, U - «) 1 “ du 

•*'^1 J-* 


(34.35) ‘-o 2i (2i 


Thus by formula (34.24), 


= Tiix, .4) — Tiix, — A) . 


(34.36) 


liml r 

€-*0 ^ y-oc 


s{x, u e) ~ s(Xf u — e) I ^ du 


exists for a < a: < 6, and has the value indicated in that formula. 

A proof of exactly the same sort, somewhat more fussy in detail, but not 
dififering at all in principle, will show that if a < a: < 6, and { is real, 


s(x, w 4- c) — s(x, u — e) \ ^ e du 


(34.361) lim - / 

€ J-.a 

exists, and equals 

(34.362) lim lim - j [ s(b, w + c) — s(6, w — e) [ ^ 

^_oo <-*o ^ y-A 
It is clear that 


(34.363) 


ihii isi ^ I r r + i sib, 

A--»oc «-»o € I Ly^ J 

g lim lim - f / + / 1 1 

A-»« «“»0 ^ I I A y-oo J 


'W + c) ~ W — e) 1 ^ e 2 u(x~ 5 ) iu| 


u + e) — s(6, w — e) I ^ ^ 


and we have just proved in (34.34) that this is zero. Hence (34.362) exists, and 
we have only to prove its identity with (34.361). This will readily follow if for a 
set of values of A increasing to infinity, 


lim - 

f-»0 € J-/ 


{ 1 s(x, w + 0 — w — c) 1 2 


(34.364) 

— I s(6, u + e) — s(6, w — c) I dti = 0 . 
By the use of the Schwarz inequality and the boundedness of 


(34.365) 


1 P 

- / 1 s(x, u + c) — s(a:, w — e) | ^ du and 

€ J-A 

- / "* 1 sib, M + <) - sib, u-t)\^du, 

« J-A 

(34.364) may be carried back to 


liml r 

t — 0 € J-A 


(34.366) 
which goes back to (34.21). 


s(x, U -|- «) — six, U — t) 

— isib, «-!-«)— sib, u — «)) | * iw = 0 , 
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Now let us define 


u) = 


(34.37) 


(27r) 


1/2 


/ +/J 


- ly 


+ 


This will exist for the same reason as (34.17). As on page 158 of Wiener^s book, 

(34.38) j 1 S{(x,w + c) -- s^ix^u — c) — e“'“Ks(a:,u -f-c) — s{XjU~e)) pdw = Oie^) . 

As in that argument, this leads to 

lim / \ fix iy - iO + w/(x + iy) \ ^ dy 

B-^OO J-B 

(34.39) 

= lim - ~ / (2 + ^ ^ 1 siu + €) — s(u — c) I ^ dw , 

€-»o 47r€ J-co 

If we take w successively to equal zfc 1, zfc t, and add four such expressions as 

(34.39) , with coefficients ± 1, d: i, we get 


(34.40) 


‘™2B 


1 P 

jg / /U + iy - ii) /(^ + iy) dy 

= lim — f 1 s{xj a + €) — s{Xf u — e) \ ^ du , 
«-»0 47r€ J-ao 

as in (21.17) of Wiener^s book. Thus/(x + iy) belongs to S over a < x < b. 
By (34.40) we see that 

1 P 1 P 

lim lim — / fix + iy - i^) fix + iy) dy - lim — \fix + iy) \^dy 

f-»0 jB-*oo J—B J—B 

1 P 

= lim lim - — / (1 — 1 ^(^7 u -\-€) — s{x, w — c) | ^ dw 

{-♦0 €— *0 47rc J~ao 

1 -- I I s{Xf W 4- e) — s{Xy U — (:)\^du 

/:] I 1 _ I I u 4* c) — s{Xy u — e) | * du 


— — 1 P 

^ lim lim ~ — / 
{-♦0 t-»o47rey-> 


(34.41) 


1 r p 

4- lim lim z — / 

{-►0 «-*o 47rc [_J A 


+ 


I r*® 

g lim 1 1 — 6"'^^ I lim — / j s(a:, u 4- c) — s(xy u — c) j ^ du 

{-♦0 «-»0 47 r € J~«e 

+ lim + J J 1 u + f) — six, u — e) 1* du 

1 

^ ;lim — / 1 «(x, u + «) — six, u — t)\^ du 
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— lim — - / I s(x, u -\- t) — s(x, u — f) du . 

,^0 2irf J-ji 

We now appeal to (34.24), (34.21), and (34.34), and obtain in place of the last 
line of (34.41), 


(34.42) 


,. I [\ 

m lun - — / I 

-♦00 J-B 


s(bj u e) — s(b, u ~ e) ^ ^ 2 u(x-b) 


— lim - — / 1 s(5, u + e) — s(6, u — e) du , 

€ — 0 27r€ J-A 


which may be made as small as we please by making A large enough. Thus 
within a < X < by 


1 

lim j fix + iy -f t£) fix -f iy) dy 
fl-»oo J-B 


is continuous in and/(x + iy) belongs to S' as a function of y. 

35. Almost periodic functions. Let us return to (34.16). Let /(a + iy) 
and f{b + iy) be almost periodic in y: that is, let it be possible, whenever e > 0, 
to find trigonometrical polynomials 


(35.01) 

P,iy) = 2 


and 

1 

n 


(35.02) 

P^iy) = 2 

1 


such that 

(35.03) 

1 fia -b iy) - Piiy) \ < e 

(- 

and 

(35.04) 

1 fib + iy) - Piiy) 1 < « 

(- 


(35.03) I /(a + iy) - Piiy) i < e (~ co < i/ < oo), 

and 

(35.04) 1/(5 + iy) - F^iy) |<c co < y < co) , 

If (34.03) holds uniformly over (a, 5), and we may apply (34.16), we obtain 

^ r f 1 Kiix — 6 + tX) I dX + /* 1 K2{x — a -f iX) | dxl 


il/(x + i!/) -i/__ 


P 2 {v) Klix iy — b — iy) dy 


(35.05) 


-f ~ J Piiy) Klix -\- iy — a — iy) dy | 
fix iy) — ^ j iy — b - iy) dy 

-f ^ ^ f c*"'*’ l^ii^ + iy — a — iy) dy 
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= 

1 ,, /** 

/(x + iy) — ^ 2 JSte*"**' J c'"*" Xi(x — 6 — iri) dy 


+ 1 V At 6’*“' f i(: 2 (x - a - t„) d, 

ZtT y~oo 

(35.05) 

n 

/(x + iy) - 2 •®* <#>n(Mt) 

1 



n 

+ 2 - 1) 

1 


= 

2n 

/(x + iy) - 2 , 



1 


where 

N2k-i = Mki Nik = Afc, Cik-~i = Bke~^^^ 

(35.06) , , , 

C2H = - A*e-"*‘-(^„(At) - 1 ) . 

Thus /(x + iy) belongs uniformly to the class of almost periodic functions 
over a+egxg& — e since, 


Ki(x - f) + fX) 1 dX = / d\ 


(35.07) 




iy) e 


(r— W-tX)y 


dy 


= I dX f - — 

j„oo Jn 2 Jni-2 

^ r f 

7-co 2 1 X — 6 + zX I 

=/: " 


2((x-5)^ + X^) 


I g{n-|-2)(x— 6+rX) ^n(x— 64-tX) 


^ const. . 
g r ^ const, , 

X — b 


(35.08) 


— 00 


Ki{x — a + iK) I d\ S const. 



Chapter IX 
Random functions 


36. Random functions. By a random function we understand a function 
which, in a certain way to be specified in what follows, depends upon a formally 
expressed variable and a usually suppressed parameter of distribution. Such 
functions occur throughout statistical mechanics. In statistical mechanics a 
cxTtain possible state of the universe is expressed by a function of one or mon^ 
variables which give the geometrical coordinates and the time, together with a 
parameter which singles out the universe considered as one among all possible 
ani\'(TS(‘s and determines its probability. As a more specific example let us 
take the path of a particle subject to a Brownian motion and let us consider om^ 
coordinate of the particle (let us say the x-coordinate) as a function of the time t. 
Then for any particular Brownian motion or motion of a particle imp>elled by the 
collision of neighboring molecules subject to a thermal agitation, x will be a well- 
defiiK'd function of t. If, however, instead of considering the actual course 
trac(‘d by a specified particle, we consider all possible courses traced by all 
possible particles, in addition to the variable x will have an argument which 
singles out th(^ sp('cific Brownian motion in question from all possible Brownian 
motions. This variable is introduced for purposes of integration; that is, a 
certain range of this v ariable measunvs by its kuigth th(' probability of the set of 
Brownian motions it reprcscmts, and an integration with n^spect to this variabh' 
yields a probability averag(^ of the quantity integrated. Naturally this prob- 
ability theory is not at all simpki and needs to b(‘ specifi(‘d in detail, .and a large 
part of the r(‘maind(‘r of this chapter is devoted to the specification in question. 

It will be seen that th(^ theory of random functions is in esscmtials a theory of 
integration in function space. As such it may be subsumed und(‘r the general 
theories of integration of Radon, Daniell, and Wiener. A previous attempt at a 
theory of integration in function space was due to Gat(‘aux, but this earlier 
theory is not a special case of the Daniell-Radon integral. The earlier theory 
attempted to treat every value F{tQ) of a function F{t) as an independent variable. 
In such a schem(‘ we find that a succession of regions of positive measure may 
include one another successively in such a way that there is no element common 
to all of them. This violates one of the most essential canons of the Daniell 
theory. In order to eliminate it, it is necessary that the class of functions over 
which we are integrating should be in some sense or other compact; that is, that 
any sequence of functions should contain a subsequence with a limit function. 
If this is not strictly true with the original class with which we are dealing, it 
must be at any rate possible to make it true by removing or adjoining a set of 
functions of arbitrarily small measure. Compactness in the ordinary sense is 
equivalent to uniform boundedness and equi-continuity. Now, it is a priori 
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obvious that G^teaux^s type of integration must yield us functions which almost 
never are continuous, and completely breaks down in this point . 

The Brownian motion points us a way out of the difficulty. In this motion it 
is not the position of a particle which is independent of the position at another 
time, but the travel of a particle between two stated times which is independent 
of the position at the first time. In crude language, the differentials of the 
function x{t) correspond to the independent coordinates of a point in space of a 
finite number of dimensions, and not the values of the function. Physically it is 
at least reasonable that the Brownian motion of a particle is continuous, and we 
shall in fact show that the Einstein theory of the Brownian motion permits us to 
say that in fact it is almost always continuous. W(^ shall show ev(m more, that 
it is subject to a condition of equi-continuity except for a set of cases whos<‘ 
measure or what is equivalent, whose probability, we can n^duce to as small a 
value as we want. 

The theory of random functions always makes the impression of a much 
greater degree of artificiality than corresponds to the facts. The reason is that 
in the theory of Daniell or Leb(vsgue integration the sum of a dcummerable set of 
null sets is itself null, whik' the sum of a set of null sets of the power of the 
continuum need not be null. This fact makes it extremeOy ch'sirable to charac- 
terize a random function by a denumerable set of conditions, while the charac- 
terization of such a function by its value for all its arguments yields a number of 
characterizations of the power of the continuum. If then we attempt to 
characterize a random function by a set of its valu(\s, it is almost n('C(‘ssary for 
the purposes of our technical development that the original set of values which 
we take should be denumerable. For example, w(‘ may d(ffine such a function by 
its values at the rational or the binary points of the line. On the other hand, w e 
may give up entirely the characterization of such a function by its values and 
define it by its Fourier coefficients or its coefficients in some other scheme of 
development. In any case it w ill turn out that the function which w'c have so 
defined will, except in a set of cases of probability zero (or measure zero, w hich 
is the same thing), either be continuous or in some readily specified senses be 
equivalent to a continuous function. Once this is done, w’e may define the value 
of this continuous function uniquely over the whole of its interval of definition. 
We thus have generalized our initial function defined by a denumerable set of 
parameters to a function apparently defined by a larger number of parameters. 
In doing so we have made use of a method w^hich masks the true invariance of th(^ 
result we have obtained. It is, however, a perfectly legitimate mathematical 
method to obtain our result in a non-invariantive w^ay and to establish its proper 
invariance later by specific theorems. This mode of procedure however has 
the disadvantage of being most non-heuristic and of demanding from the read(T 
the patience to take on faith the necessity of a large amount of material whose 
justification is only given after the completion of the argum(uit. It will ulti- 
mately turn out that the random functions we deal with and the measure that 
properly belongs to them determine a function-space distinct from that of 
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Hilbert but covariant with it under all unitary transformations which leave 
Hilbert space invariant. While such a theory may be built up for real Hilbert 
space, and while this is the case in Wiener's previous writings, the present theory 
of differential space applies to one co variant with complex Hilbert space. 

It will be seen that although the last two chapters of this book are apparently 
devoted to integration in a continuous infinity of dimensions, they really form 
chapters in what E. Borel has designated the theory of “denumerable prob- 
abilities."* * * § The first close approach to the specific problems which concern us 
here was made by Steinhaus.f He considers the series 

00 

(36.01) S ± - - 

^ n 

where the signs ± represent independent choices, and shows that this series 
converges in almost every case. Th(i methods of Steinhaus were made into a 
powerful analytic tool by Paley and Zygmund,]: more especially in the formation 
of Gegenbeispiele, and the final theory has been employed with great affect by 
Bohr and Jessen,§ in the study of the Riemann zeta function and of almost 
periodic functions in the complex domain. 

Wienerll has developed a theory of random functions in many respects parallel 
to those discussed by the authors already mentioned, but not identical with 
them. Since the Wiener theory of random functions is derived from considera- 
tions in the theory of the Brownian motion and of statistical mechanics, in 
which Gaussian distributions play an important role, they also play an important 
role in his theory. In tliis respect, Wiener's theory resembles the Einstein 
theory of the Brownian motion, to which we shall later show it to be equivalent. If 
Ind(HKl, a sharp distinction may be made between Wiener's theory and all others 
so far mentioned in that, while in both cases a denumerable set of terms are 
assigned coefficients with a certain distribution, in all other theories these coeffi- 
cients either have at random the values ± 1, or are distributed at random around 
the unit circle in the complex plane. In addition to its applicability to statistical 
mechanics, Wiener's theory possesses a larger degree of symmetry than the 

* E. Borel, Les probahihtes denornbrables el leurs applications arithniHiques, Rendiconti 
del Circolo Matematieo di Palermo, vol 27 (1909), pp. 247-271. 

t Cf. Sur la probabilile de la convergence de series, StudLa Mathematica, voL 2 (1930), 
pp. 21-39, and earlier papers there referred to. 

t On some series of functions, ProceedingB of the Cambridge Philosophical Society, vol. 
2G (1930), pp. 337-357, 458-474; vol. 28, pp. 190-205. Cf. also Notes on random f mictions, 
Paley, Wiener, and Zygmund, Mathematische Zeitschrift, vol. 37 (1933), pp. 647-688, on 
which the present chapter is largely based. 

§ II. Bohr and B. Jessen, Vber die W erteverteilung der Riemannschen Zetafunktion, Acta 
Mathematica, vol 54 (1930), pp. 1-35; vol 58 (1932), pp. 1-55. 

II Cf. N. Wiener, Generalized harmonic analysis, Acta Mathematica, vol. 55, pp, 214 ff., 
and the references there given. 

^ A. Einstein, Annalen der Physik, vol 17 (1905), pp. 549 ff ; vol. 19 (1906), pp. 371 ff. 
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alternative theories, or what is the same thing in other words, it has a more 
extensive group of transformations under which it is invariant. The reason for 
this is that if a number of terms have independent Gaussian distributions, any 
linear combination of these terms has itself a Gaussian distribution. On the 
other hand, if we start with a distribution of the original terms over the values 
zbl, or around the unit circle, the distribution of a linear combination of the 
original terms becomes extremely complex and unmanageable. This property 
of Gaussian distributions is thus intimately allied with the covariance which the 
theory of random functions developed here shows with Hilbert space. 

By a change of scale, a real Gaussian distribution may be reduced to the 
distribution of a real parameter uniformly over the interval (0, 1). In the same 
way, a complex Gaussian distribution may be reduced to the simultaneous and 
independent uniform distribution of two parameters over an interval of that 
sort. By this artifice our integration in function space may be carried back to 
the integration of a function of a denumerable infinity of variables over a cube 
in its proper space. Such an integration has been discussed by Daniell, Jessen 
and others.* Since however it is probably not familiar to the reader of this 
chapter, we shall derive it from the ordinary integration of a function of one 
variable over an interval of a line by a process of mapping. This process of 
mapping is merely an elaboration of the process by which a square may be 
mapped on a line in such a way that planar measures are mapped into equal 
linear measures. 

This mapping of a square on a line with preservation of measure deserves some 
consideration. Let the coordinates of a point on the unit square 0 < a: < 1, 
0 < 7 / < 1 be represented as binary fractions, in the form 


(36.02) 


X — Cti!^ -j“ Ot^i / 4 -j- * * * “f” ^n/2” • 

{an = 0 or 1 for all n independently) ; 
y = fix/ 2 -f- ft/ 4 + • • • + ft/ 2” + * • ' 

{^^ = 0 or 1 for all n independently) . 


The correspondence between x and the sequence { } is not one-one, but becomes 
one-one if we disregard all rational values of x with denominators that are powers 
of two, which have alternative representations terminating in • • • 000 • • • and 
• • • 111 • • • , respectively. These values of x are a denumerable set, and hence 
a set of zero linear measure. The points (a:, y) with such values of x constitute a 
set of zero plane measure. Similar considerations apply to the correspondence 
between y and the sequence {ft). Thus except for a set of points (x, y) with 


* P. J. Daniell, Integrals in an infinite number of dimensions, Annals of Mathematics, 
(2), vol. 20 (1919), pp. 281-288; B. Jessen, memoir to appear in Acta Mathematica; also, 
Bitrag til Integralleorien for Funktioner af unendelig mange Variable, Copenhagen, 1930. 
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zero plane measure, the correspondence between the points of the square 
0<x<l,0<i/<l and the pair of sequences {a„! and {/3„! is one-one. 

Now, tlie pair of sequences {a„| and {/3„i may be rearranged into a single 
se(iuence in a large number of different one-one methods. For example, we may 
rearrange la„} and j/3„| in the form 


(36.03) 


• ai Pi a2 jSa 03 ft • • • oi„P„ ■ • • 


and we may assign to it the binary number z with the same representation. The 
correspondence between z and the sequence (36.03) is one-one except for the null 
set of rational values of z with denominators which are powers of 2. Further- 
more, it is clear that if we determine a sub-class of z in which a denumerable 
sub-set of digits have fixed values, tliis set will have zero measure, and the sum 
of any denumerable set of such sets will also have zero measure. It thus follows 
that the set of values of z corresponding to pairs (x, y) wliich do not both have 
unique binary representations is itself of zero measure. The same is true of the 
planar measure of the points {x, y) corresponding to values of z for which the 
binary representation is not unique. Thus, if we discard a planar null set of 
values of {x, y) and a linear null set of values of z, the mapping of the square 
0 < X < 1, 0 < 2/ < 1 on the interval 0 < z < 1 determined by (36.03), or any 
other such rearrangement, is one-one. 

The planar set of points determined by 

7i/ 2 + 72/4 + • • • + 7m/2- <’0: < yj 2 + 72/4 + • • • + 7 ^/ 2 ”*, 
G%.031) , , / , X X 

V2 + 62/4 + • • • + 5n/2- <y<bj2 + bJ4: + • • • + dj2- (m > n), 


where and 6 ^ Vs areOor 1, consists of 22"* (.7 J • • • 7 I - • 7i * * * 7m) 

X ( • • • • 5n) squares, each with an area 2~2”*. Transformation 

(36.03) maps it into the same number of intervals, each of length 2 " 2 "*, and with 
the same total measure. Similarly, any interval of 2 lying between terminating 
binaries is the map of a finite set of squares in the (x, y) plane, with total 
area equal to the length of the interval in question. Thus the transformation 
(36.02) or any like transformation is measure-preserving, as far as rectangles 
in the (x, y) plane with terminating binary coordinates for their vertices and 
intervals in the z line with terminating binary end points are concorned. 

Every interval 011 a line may be included in an interval of arbitrarily slightly 
greater measure, but with terminating binary end points, and includes such an 
interval of arbitrarily slightly less measure. In the plane, w^e have an exactly 
similar theorem concerning intervals. It thus follows at once that the mapping 
of (36.03) or any similar mapping transforms every rectangle in the plane into a 
measurable set on the line with linear measure equal to the area of the rectangle, 
and that every interval on the line is the transform of a measurable set in the 
plane with a planar measure equal to the linear measure of the interval. By 
methods familiar in the theory of the Lebesgue integral, it follows that to every 
measurable set in the plane unit rectangle, there corresponds a measurable set on 
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the unit interval with linear measure equal to the planar measure of the original 
set, and that every measurable set on the unit interval corresponds to a planar 
measurable set in the unit rectangle with a plane measure equal to the linear 
measure of the original set. The whole theory of Lebesgue integration in two 
dimensions may thus be derived by this mapping from the corresponding theory 
in one dimension. Given any function over the unit rectangle, our process of 
mapping determines an image function over the unit interval, and if this is 
integrable, its integral will agree with the integral of the original function of two 
variables, and anight have been used to define that integral. In an exactly similar 
manner, regions in three or more dimensions may be mapped on a segment of a 
line with preservation of measure, and this mapping might have been used to 
establish the definition of the Lebesgue integral in n dimensions. This method of 
definition has the distinct advantage, that all theorems concerning Lebesgue 
integration in one dimension may be transferred directly, without any modifica- 
tion of their proofs, to Lebesgue integration in n dimensions. 

This consideration is even more important when it comes to the establishment 
of the Lebesgue integral in a space of a denumerable infinity of dimensions. As 
we have seen, Daniell has established a general theory of integration, and he has 
subsumed* under this as a special case integration in a denumerable infinity of 
dimensions. The advantage of this method is logical straightforwardness and 
transparency; the disadvantage, that we cannot call upon the great body of 
existing theorems in the theory of the Lebesgue integral, but must establish 
each one de novo by the trivial modification of its original method of proof. In 
an ideal course on Lebesgue integration, all theorems would be developed from 
the point of view of the Daniell integral ; but in the present state of mathematical 
education, a method of mapping has distinct advantages. 

The mapping of the square on the linear segment has given a sufficient exposi- 
tion of the general principles of mapping for us to dispense with a discussion of 
the biunivocal character of the mapping we are now developing. This mapping 
has as its purpose the representation on the segment 0 < a < 1 the points 
(«i, q' 2 , of the region 


(36.032) 


0 < ai < 1 ; 

0 < a2 < 1 ; 

0 < an < 1 ; 


of space of a denumerable infinity of dimensions. Let the binary representation 
of ak be 

(36.04) • aki ajk2 • * • ajtn • • • , 


* P. J. Daniell, A general form of integral^ Annals of Mathematics, (2), vol. 19 (1918), 
pp. 279-294. 
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and let us put 

(36.05) a = • an q:i2 0:21 ai3 0^22 «3i «i4 a23 «32 «4i * • * • 

Let 

(36.06) F(a) = fiaiy « 2 , • • * , ot,) 

be an integrable function of a finite number of the akS. Then by methods sub- 
stantially the same as those we have used in the discussion of the mapping of the 
square on the segment, we have 

(36.07) F(a) da = dai ' ' ‘ J da^fiai, • • • , ay) . 

This follows at once from the well known fact concerning the Lebesgue integral 
of a function of a single variable, that if/(:r) is a summable function of x over the 
range (0, 1), then if € > 0, there exists a step-function g{x) such that 

(36.08) 1 fix) - g(x) \ dx < e , 

There is no difficulty whatever in showing that the function g may be so chosen 
that the abscissae of all the jumps are terminating binaries. If we apply this 
result to functions of (ai, a2, • • • ), and if we identify integration over (ai, a2, • • • ) 
with integration of the corresponding function over a, we see that every function 
/(ai, a2, • • • , an, • • • ) for which 

J dai j da2 ' ’ ' J a2, • • • , an, • • • ) 


exists determines at least one step-function giaiy a2, • • • , a,) of the finite set of 
variables ai, • • • , a^, such that 


(36.09) 


dan • ♦ • |/(ai. 


a2, 


— giaiy a 2 , • • a,) I < e , 


37. The fundamental random function. Up to the present, we have been 
discussing an infinity of distinct real variables a,,, uniformly and independently 
distributed over the interval (0, 1). We wish to transfer this discussion to an 
infinity of complex variables, the real and the imaginary parts of which have 
independent Gaussian distributions. To this end we consider (—log a^y'^ 
where 0 ^ a, ^ 1, 0 ^ a;k g 1, j 7*^ fc. If we put 

(37.01) r “ (-log a,)i/2 ^ ^ = 27r ajk , 

we have 


(37.02) 


I da, dak 1 


- re'”’'* dr dB 

TT 


(0 g r < 00 , 0 g g 2 ir) . 
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If now 

(37.03) X = r cos 0 , y t sin d , 

we have 

(37.04) I daj date | = - \dxdy\ (— oo<a’<oo, —oo<y<oo). 

TT 

Thus if aj and ak are uniformly distributed over (0, 1) and are independent, the 
real and the imaginary parts of (— log have independent Gaussian 

distributions. 

Let us now consider the formal trigonometric series 

00 

(37.05) 

— 00 

where the real and the imaginary parts of each ak all have the same Gaussian 
distribution, and are all independent of one another. This series will almost 
never converge, even in the mean, but we shall show that its formal integral, 


(37.06) 


\p{x, a) 


an ^ 

in ~ in ^ 


will exist as a limit in the mean for almost all choices of {ajk) . We shall express 
this more precisely by saying that 


^p{x,cc) - 4- S (-loga4n-i)‘^^e'”“‘’> 

^ in 


(37.061) 


S p~inx 

^ ( — I0ga4n4-l) 

— in 


1/2 ^2x t «4n+2 


exists as a limit in the mean with respect to x, for almost all a. To this end, 
we must show that for almost all a, 


(37.062) 


oo oo 


We shall first investigate the distribution of 


(37.063) 
By (36.07) 


(37.07) 


V 1 AT ^ 

M M 

[ ( - S s '“8 - S i ‘“e »■»') *» 

JU ' ' 


{N > M). 
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Again, 


(37.08) 


* L A/ M M ^ 


From this it follows that except over a set of values of a of measure not exceeding 
some CijM^ 


(37.09) 


AT 


If we now let M — 'N {v 1)^, we see that for almost all values of a, 
there exists a Ci, depending in general upon a, such that 


(37.10) 


00 oo oo 

2 i “Si = S < 


Thus i^(x, a) is determined for almost all x, for almost all a, and belongs to L% 
for almost all a. 

We wish, however, to prove the stronger 

Theorem XLIII. A sequence of partial sums of the right-hand side of (37.061) 
converges uniformly in x to a limit for almost all a. Thus \l/{Xj a) may so be 
defined as to be continuous in x for almost all a: 


(37.11) 


a) = ^ ^ - log atk-iY'^ . 


We shall prove that 
(37.12) 




converges uniformly for almost all a, and hence that 


(37.13) 


X ^jn jn+1 {X, O') 


converges uniformly for almost all a. It will follow by the same reasoning that 


(37.14) 


00 ”2 *“ 

1 L2"+1 


converges uniformly for almost all a, and Theorem XLIII will be established. 
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We have 


I a) 1^ = 2 T 2 ^-T 




( 37 . 15 ) 


-10g4t-l 


f n—m — 1 n 


+ 29 ? ^ ^ ( “ log a^k-iY^^ ( - log a 4 (ifc~,)-i)^'* 


j =5t 1 /c“=m4 14 ;' 


X [exp i2iri(aa — a4(*-,)))] 


n—m— 1 n 




; =» 1 I A; •"m 4- 1 4- ; 


X (-log atik-n-iY’^ exp (2«(a44 - 0:4(4-, ))) . 


l.u.b. I (^m,n (x, a) \^da 


- ”1 / 
m 2 jo 


+ 2 j d^i 


( 37 . 16 ) 


d^n-m-l j dt)l • ■ ■ j dt) n— m-~l 


X 2 ft-,)''® exp ( 2 irt rik) 


^ + n2 m* exp ( — m*) 


+ 2 " 27 ' '^f-^- 7 '^’''- 7 ' 

,-l yexp(-m<) yexp(-m‘) yo yo 


X S 


(log log exp (2vt i;^) 
fc(A - j) 


where € is some positive quantity to be fixed later. 
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Now, by the Schwarz inequality, 

V 

d’?! • • • / d'np\ ak 


/'j,, s 

^ |y drti ■ • a* e*’'*’’* 

= 1^ dm ■■■ drip ^ 2 a,- Uk e2"<w- 


(37.17) 


ll/2 


- s 


1/2 


aic 


U=i 


Applying this to (37.16) we get 

ri / \ »«— 1 ~ 2m “■ 

l.u.b. (x, a) M d« ^ 0 (i) + 2 2 [*(fc - j)]*_ 


1/2 


(37.18) 


1/2 


1/2 




if c < i. Thus except over a set of values of a of measure not exceeding 
we have 


(37.19) l.u.b. I ypm, 2 m {x, a) \ ^ c , 

X 

and in particular, except over a set of values of a of measure not exceeding 

Cl liSiYQ 

(37.20) l.u.b. 1 ^ 2 n. 2 n+l (x, «) j < Ci . 

X 

It follows that except over a set of values of a of measure not exceeding 


(37.21) 


Cl ^ 2-"'*® = 
N 


Cl 2-''/“ 

1 _ 2~^m 


we have, for all x, 


(37.22) 


2 . jn+l (l, o) 




g Cl 2 2-"'!* = 

N 


Cl 2-"'** 

1 _ 2->/n ’ 
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and since the expression of (37.21) tends to 0 as iV w we see that except over 
a null set of values of a, 

N 

(37.23) liin (^) <^) 

exists uniformly in x. This establishes Theorem XLIII. Here we use the 
familiar fact that if a series converges to one limit and converges in the mean 
to another, these limits differ at most over a null set. 

In all that follows^ we take a) to be continuous. Now let F(x) belong to 
Li, and let 

n 

(37.24) F{x) = . 

— n 


We wish to define F{x) d\p{x, a) but cannot define it as an ordinary Stieltjes 
integral, as we have no reason to believe that \p{x, a) is almost always of 
limited total variation in x; and as a matter of fact it is almost never of limited 
total variation. However, let us define the integral by carrying out the indi- 
cated integration by parts. We have 


£ 


F{x) dtl/{x, a) = F{ir) ^(tt, a) — F{— t) ^(— ir, a) 


^(x, a) F'ix) dx 


(37.25) 


= 2ir |(— log ai)*'^ 2 (— log e=""4(:/* 


+ X log e*’'*“«+ 2 /_t 

1 


We now wish to assert and prove 

Theorem XLIV. Let F{x) he defined as in (37.24). Let 4> be any function 
for which 


(37.26) 


27r J-r Jo 



2-nU 



Fix) 



I 


exists as an absolutely convergent Lebesgue integral. Then 

Fix) d^ix, a)l da = I . 


f-u; 


(37.27) 
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Similarly, let 

(37.28) 


n 

Gix) = ^ Qk e“* . 


Let 

f' 1 Fix) \^dx=^ A, I' Fix) Gix) dx = B, f" [ Gix) [ » dx = C , 
(37.29) d-T y-x y-x 

AC - I B|* = D, 
and iei >I> 6e any function for which 

2 /'oc ran Foo Foo 

Urs IJ"' L'‘'^ lJ'’‘ 

— iul + t)]) C + 2 iui Ui + 1^1 vt) 9?(B) 

- (u* + Dj) A 4- 2 (m Vi — Ui vi) 9(B) 
2tD 

X <l'(ui 4- ivi, Ui 4 ivi) = J 


(37.30) 


X exp 


exists as an absolutely convergent Lebesgue integral. Then 

(37.301) J ^ I y dipix, a) , j Gix) dfix, a)^da = J . 

In particular, if Fix) and Gix) are orthogonal to each other in the complex sense, 
B = 0 and D = AC. Thus 


2 r» TOO Coo FfO 


(37.302) 


X exp < -J ^ — >«>(ui + tvi , Ui + iVi) 

= y daj^ d/3 f>|y Fix) d^(i,o) , ^ G(x) d^(x,^)|. 

To prove the equivalence of (37.26) and (37.27), let us notice that 

I 1/2 


(37.303) 


= I /* l*j (x 4- 2j/)| e-**-*^ 

2 /*« coo Coo Coo 

= j..*- • • ■ I.''!'- 

X exp(- 2** - + 
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(37.304) 
and that 


e"*’® dx = I, 




is invariant under a unitary transformation of the variables Xk + iyk- By a 
simple change in variables, 



n j 


/ dofi • • 

• / da4n+2 ^ ) 

27r 

/ 0 

Jo 1 

i 


(37.305) ^ 

1 1 J J 

from which (37.27) follows by (37.25). 

The proof of (37.301) is quite similar. By the indicated change of variables, 
we have 

rco roo rco roo 

J = — I dxi dyi / dxt / di/jexp (- x\ — y\ — x\ - y\) 

TT^ y_oo 7— « 7-®® 7-“ 

X 4> |(27rA)>/’* (xi + iyi), B{xi + iyx) + { 2 ^ ^ (xt + i?/s)| 

(37.306) / " - \ 

= J-J''-'' ■ ■ ■ \ ~ ^7 

X 4> fki^k "f" iyk) » 2ir Ski^k -|“ 12/»)1 ) 


from which (37.30) follows as (37.27) follows from (37.303). 

Formula (37.302) is merely a special case of (37.30), combined with (37.27) 
on F(x) and G(x) simultaneously. It means that if the two functions F(x) and 
G(x) are orthogonal, the two expressions 


F(x) dif'ix, a) 


G(x) di/'(x, a) 


are completely independent, not merely linearly independent. This result is 
readily extended to any finite set {(j„(x) t of orthogonal functions with terminat- 
ing Fourier developments. 

We now wish to eliminate this last restriction that the Fourier developments 
of F and G or G„ terminate. We do this by the following: 
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Theorem XLV. Let 

oo 

(37.31) 

— 00 

and let 

00 

(37.32) 

—00 

Let 

n 

(37.33) F„(x) = 2) 

— n 

Then, except for a set of values of a of zero measure, 

(37.34) lim / F„ix) dtpix, a) 

n-»oo J—r 

exists. We shall define F{x) d\l/{Xj a) to be this latter limit. 

In proving this, let us first note that an argument exactly similar to that 
whicli we have used in proving (37.062) shows that for almost all a, 

n ti 

(37.35) _ log a, I /o I * - 2 ( - log ««->) I M ' - S (- loga4*+i) \f-k\^ < “ . 

1 1 

We now appeal to a result of Rademacher,* to the effect that if 

00 

(37.36) ^\cn\^<^, 

1 

then for almost all choices of the sequence of signs, 

00 

(37.37) < « . 

1 

To prove this, we introduce the Rademacher functions 

(37.38) 4>n{x) == (~ 

We wish to show that for almost all j, Cn <t>n{x) converges. To begin with, 
the functions <t>n{x) are normal and orthogonal, and there is a function <t>{x) be- 
longing to L 2 such that 

ri ” * 

(37.39) lim / <t>{x) — ^ Ck<t>k{x) dx = 0 . 

n— 00 Jo 

H. Rademacher, Einige Sdtze uber Reihen von allgemeinen Orthogonalfunktionen, 
Mathematische Annaleri, vol. 87 (1922), pp. 112-138. 
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Le+ us notice that if 2~"[2"a;] = Xm, 


165 


(37.40) 


fx +2 — ^ 

‘ <^({) == 5] c„0„(a:). 

J^m — 


Thus what we wish to show is that for almost all x, 


(37.41) 


i>{x) = lim 2”* 


/■■ 


</>({) . 


Let it be noted that this is very close to the fundamental theorem of the cal- 
culus, to the effect that for almost all €, 


(37,42) 


<f>(x) = lim 


f 


< l >(0 . 


As a matter of fact, (37.41) is an immediate corollary of (37.42), for 


(37.43) 



^({) = 


1 _ 

-f - X 


i 


<I>U) df 


Xm + — X 

2“*" 




df 


X - Xm 
2-m 


We now appeal to the fact that the measure of the set of values of x for which 
any p Rademacher functions have an assigned sign is exactly 2“^, which is equal 
to the probability that p independent choices between equally probable alterna- 
tives yield a certain definite set of results. We may accordingly exchange 
the measure of a certain set of values of x for which the Rademacher functions 
have assigned signs with the probability a priori that the sequence of signs be 
as indicated. This establishes Rademacher^s theorem. 

If we apply Rademacher^s theorem to 

00 

± (— log aO'^Vo cos 27ras -f ^ db (— logau_i)‘'“/jiCOs2irau 
(37.44) ‘ 

+ ± (— log a«+i)''*/-t COS 2irau+t 

1 

and 


± ( — log ai)*'*/o sin 2iras + ± ( — log 04 t-i)''*/*sin 27rau 

1 


+ 2) l0g«4*+l)*'*/-* 


sin , 


(37.45) 
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we see that for almost all values of a, the sequences of the partial sums of 
(37.44) and (37.45) converge for almost all sequences of signs db. However, 

(37.451) cos 2ir(a, + ^) = - cos 2ira, , sin 27 r(a, + i) = - sin 2ira, . 

Thus a change of signs of the terms of (37.44) or (37.45) may be taken as 
the replacement of the set of variables {a,} which are independently distributed 
over (0, 1) by another set of independent variables with the same distribu- 
tion. It can accordingly have no effect on the integral or average of any 
function of the { a. | • This is not merely true of a 'particular change in the signs 
of the terms: it is equally true of almost all changes of sign of the terms, specified 
in such a way as to have a well-defined distribution. Hence if we use the 
definition (37.25), Theorem XLV follows at once. 

It immediately follows that 

Theorem XLIV'. All the results of Theorem XLIV may be extended to any 
functions F and G lying in Lj, whether their Fourier series terminate or not. 

Here we make use of the fact we have already proved, that any functional 
of infinitely many variables belonging to L, may be approximated Li by a 
function of a finite number of these variables. 

As a particular application of Theorem XLIV ', let— 
and let 

ffx) = 1 over (a, b) ; fiix) = 0 otherwise ; 
fiix) = 1 over (c, d) ; Mx) — 0 otherwise . 


(37.46) 


Then clearly 

(37.47) j f lix) ftix) dx = 0 . 

Hence 

(37.48) /i(x)#(a:,a)|da = dd e““4>{[2xwe*’*(6 — a)]‘'*) dw. 


and 


(37.49) 


y '*’|y /i(^) > y /sU) #(x, a)|da 

= y' (io, y ' y e-“idM,y e-'“^^\[2wuie^'^^{b-a)V\ 

[27ru2«^*^(d — dui . 


We obtain similar results for functions of more arguments. 

We may state (37.48) and (37.49) as follows: if t/ = ^(ar, a) is a curve depend- 
ent on a as a parameter of distribution, the distribution of y2 — yi is dependent 
only on the corresponding X 2 — Xi, and not on the “past'' or “future" of x or y. 
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If t is the time, a) represents one coordinate of a particle subject to a 
random but uniformly distributed sequence of impulses, such as we find in the 
Brownian motion, according to the famous theory of Einstein* and Smolu- 
chowski.f 

38. The continuity properties of a random function. The anomalous prop- 
erties of the Brownian motion are familiar to the physicist. In the words of 
Perrin,! “This mechanism (of the Brownian movement) has been subject to a 
detailed analysis by Einstein, in an admirable series of theoretical papers. 
The approximate but very suggestive analysis given by Smoluchowski cer- 
tainly deserves to be mentioned also. 

“Einstein and Smoluchowski have defined the activity of the Brownian move- 
ment in the same way. Previously we had been obliged to determine the 
‘mean velocity of agitation’ by following as nearly as possible the path of a 
grain. Values so obtained were always a few microns per second for grains 
of the order of a micron. 

“But such evaluations of the activity are absolutely wrong. The trajectories 
are confused and complicated so often and so rapidly that it is impossible to 
follow them: the trajectory actually measured is very much simpler and shorter 
than the real one. Similarly, the apparent mean speed of a grain during a 
given time varies in the wildest way in magnitude and direction, and does not 
tend to a limit as the time taken for observation decreases, as may easily be 
shown by noting, in the camera lucida, the positions occupied by a grain from 
minute to minute, and then every five seconds, or, better still, by photographing 
them every twentieth of a second, as has been done by Victor Henri, Comand ..n, 
and de Broglie when kinematographing the movement. It is impossible to 
fix a tangent, even approximately, and we are thus reminded of the continuous 
underived functions of the mathematicians. It would be incorrect to regard 
such functions as mere mathematical curiosities, since indications are to be 
found in nature of ‘underived’ as well as ‘derived’ processes .... 

“In accordance with the conclusions arrived at from qualitative observation, 
we shall regard the Brownian movement as completely irregular in all directions 
at right angles to the vertical .... 

“It must be borne in mind, however, that this result ceases to be exact when 
the times become so short that the movement is not absolutely irregular. This 
must necessarily be so, otherwise the true velocity would be infinite. The 
minimum time within which irregularity may he expected is probably of the 
same order as the time .... (which) elapses between successive molecular 
impacts . . . . ” 

It is most interesting that Perrin finds the Brownian movement reminiscent 
of non-differentiable continuous functions. In the first instance, he is speaking 

• A. Einstein, loc. cit. 

t M. von Smoluchowski, Die Naturwissenschaften, vol. 6 (1918), pp. 253-263. 

t J. Perrin, Atoim. Translated by D. LI. Hammick. Second English edition, London, 
1923, pp. 109 ff. 



158 


RANDOM FUNCTIONS 


[IX] 


of this movement as a geometrical movement, in which x is plotted against y, 
but the same question arises when we regard x as well as y, or the complex 
variable x + iy, as a function of the time t. It is a comparatively simple 
matter to prove that the probability that such a function shall have a derivative 
for any special fixed argument is zero. We shall prove the much more difficult 
and general theorem, to the effect that almost all such functions fail to have a 
derivative for any argument whatever. This is a corollary of the even more 
general* 

Theorem XL VI. The values of a for which there exists a t such that 

(38.01) lim I \p(t + €, a) — \p{tj a) I €“^ < <» [X > J] 

€-*0 

form a set of zero measure. 

We shall prove this theorem by a reductio ad absurdum. Let there exist 
such a tf and let its binary expansion be 


(38.02) 


^ 4 _ ?? J_ 
2 


+ - + 
' On ' 


(a,, 02 , • • • = 0 or 1) . 


Then if (38.01) holds good, we must have for every n 

\P{t, a) - ^ 4 . . . . -I- j 2''" < 4 < 00 , 


(38.03) 


iit 


, a) — 






<A, 


which gives us 


(38.04) 


* (1 + ■ + * (1 + ■ ■ + ' “) I =“■ < 2^ • 


If we can prove that the probability of such a contingency as (38.04) is zero, 
we shall have established our, theorem. 

To this end, we wish to discuss the distribution of \l/(t + c, a) when ^(<, a) 
and ^(< + 2€, a) are given. The measure of the set of values of a for which 
+«»«)— «)) lies between u and u + duy while 


9i(i^(< + 2€, a) ~ ^(<, a)) 


lies between v and v + dvj is asymptotically 


(38.06) 


1 

2x2 € 


exp 



(V ~ U)2\ 
2xe ) 


* Notes on random functions, R. E. A. C. Paley, N. Wiener, and A. Zygmund, Mathe- 
matische Zeitschrift, vol. 37 (1933), pp. 647-668. Cf. especially Theorem VII, p. 666 . 
This theorem differs from Theorem XLVI of this book in that it concerns itself with 
x(a, x) which corresponds to the real part of ^(x, a). 
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as du and dv 0. This can be seen by introducing appropriate /i, /j, and in 
(37.30). Thus the ratio of the measure of the set of values of a for which 
I u I < Mo, and v lies between vo and vo + dv, to the measure of all values of a for 
which V lies between vo and vo + dv, u being taken to be + e, a) — a)) 

and V to be + 2e, a) — a)), is 


(38.06) 



(vo - m)A 
27rt / 

(vo - m)A 

2X6 / 


du 


du 


rM=^h 

/ exp ( — 1 du 

J--ua~vo/2 \ / 


^ 2wUo€^^^ . 


An exactly similar result holds for the imaginary part of \p. Thus if a) 
and \p(t + 26, a) are subject to any restrictions whatever, which hold good for 
a set of values of a of measure M , and if we further demand that 

(38.061) I + €,a) - Ht, a) 1 ^ Uo , 


it will follow that independently 

(38.062) I + €,«)- Ht, «)) I ^ ^0, I + €, a) - a)) | g Wo , 

and the measure of the set of values of a for which ^ is subject to the original 
restrictions together with (38.061) will not exceed 2ul eM. The same result 
will apply if we replace (38.061) by 

(38.063) 1 Ht + 2e, a) - + e,a)\ ^Uo. 

In each case we shall describe the situation by saying that whatever ^(^, a) 
and \l/(t + 2€, a) may be, the 'probability of (38.062) or (38.063) does not exceed 
const, ule. Thus the probability that of the 2^+^ quantities 

I ^((m + 1)2--S a) - ^(iu2--S a) I , 

at least Nq do not exceed 2“^*^ a, whatever the distribution of the 2^ analogous 
quantities of the previous series, does not exceed 

2<7+i 

(38.07) , (1 — const. 2^”^^'^) (const. . 

This quantity has the asymptotic representation 

( 38 . 071 ) ^jy.>du, 
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for large g, where 
(38.072) 


Ng — const. 
const. 


This results from familiar theorems concerning the relation between the Gauss- 
ian distribution and the binomial distribution.* Thus if 


(38.08) 


Ng = const. 2 ^< 2 ~ 2 m)+i [0 ^ m < X] , 


the expression (38.072) becomes greater than 
(38.09) const. — const. 2^^^"*^^ , 


wliich is greater than const. and in turn greater than for suffi- 

ciently large values of q. Now, if /x < 1, 


(38.10) 





du < 00 . 


Thus it is infinitely improbable that more than a finite number of g’s can be 
found for which at least Ng of the 2«+^ quantities 

(38.11) I ^((m + 1) 2-^-S a) ~ ^(/x2~^S a) | 

do not exceed const. 2~^^. On the other hand, the probability that the SgS con- 
sisting of all points in the Ng intervals of the gth stage have any point in com- 
mon for all values of q from Qx + 1 to Q 2 , does not exceed 

(38.12) pi const. ^ 

where Ci and C 2 are constants. If /x > § this tends to 0 as Q 2 qo . Thus it 
is infinitely improbable that there exists any point common to all the SgS from 
some stage on, and (38.04) cannot hold true for any t and all n’s. This estab- 
lishes Theorem XL VI. 

A counterpart to Theorem XLVI is 


Theorem XLVII.f // X < ^, then except for a set of values of a of zero meas- 
ure, 

(38.13) lim {\l/{t + €,«)-- \f/{t, a))/e^ = 0 

e -»0 

uniformly for all values of t. 


* C. Jordan, Statistique Mathtmatique, Paris, 1927, pp. 105 ff. 

t A particular case of this theorem has been proved by N. Wiener, in Generalized harmonic 
analysis, Acta Mathematica, vol. 55, pp. 219, 220. 
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Since the function a) is continuous in there is no essential limitation to 

(38.13) if we restrict it to terminating binary values of and let e tend to zero 
through terminating binary values. Now let 

(38.14) I + l)2-^ a) - ^(A:2-^ a) \ < A 


for all n from some value on, and for all k in (0, 2^—1). 

Then if in the binary scale 

(n — 1) times (n — 1 ) times 

(38.15) t = .000 an Un-fi • • • and ^ -f e = .000 • • • bn bn+i • • • , 


we can put 
(38.16) 

Let us put 

(38.161) 

Then 

I + €, a) 


(38.17) 


j.OOO * • • (2-n Cn-fl Cn-f-2 * * * j 

{^.000 • • • hn dn-fl dn-^-2 * ‘ ' (c^n ~ ^nf bn — d,i) . 


— .000 • • • Un Ctn-fl * ' * a^ , 
[Tm = .000 ■ ■■ bn i>n+l ' ' ' 6m . 


Htf “) I ^ ^ I ^(s*+i, a) — ^(s*, a) I 

k t 

+ I iiTk+i, a) — 'f'iTk, a) I I + I tl>{Sn, a) — ^(s, a) | 


+ I '('(Tn, a) — \p{s, a) I 
00 

g 2 A 2 2"'^ 


2 A 2”^" ^ 
1 - 2-^ == 


const. I 6^ I , 


and (38.13) is established. 

The probability that 

(38.18) 2^- I ^|^ak + 1) 2--, a) - ^(jfc 2-% a)\^A 
for a particular X, a particular n, and a particular k, is by (37.48) 

(38.19) / du = 2(l-2X)n ^ 

J(A*/{4 ir)’) 2 ( X)n 

If we sum this for 0 ^ fc < 2” we get a result not exceeding 

(38.20) exp (^n log 2 — ^ ; 
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and if we now sum for all n > JV, we get a result not exceeding 

00 / V 

(38.21) ^ exp f n log 2 - j ; 

and this tends to zero as iV . Thus except for a set of values of a of zero 
measure, there exist an -A > 0 and an N such that if n > JV and 0 ^ ifc < 2^, 
(38.16) is satisfied. We have seen this to lead to (38.15), uniformly for all 
values of t. 

Theorems XLVI and XLVII lead, as it were, in opposite directions. The 
first holds when X > ^, the second when X < i. In the critical case X == 
more powerful tools are necessary for more than the simplest results. A simple 
result, proved in the same manner as Theorem XLVII, is that we may there 
substitute 



for €^, if ^ > 0. In this case, important results have been obtained by 
Kolmogoroff.* 

* A. Kolmogoroff, Grundbegriffe der Warscheinlichkeitsrechnungy Berlin, 1933. 



Chapter X 

The harmonic analysis of random functions 

39. The ergodic theorem. In the discussion of random functions, one of 
the most important theorems is due to Birkhoff.* This theorem, which is in 
reality a general theorem from the theory of Lebesgue measure, lies at the 
basis of the study of ergodic dynamical systems. The simplest proof is that 
of Khintchine,t and depends on a method outlined by Hopf.J 

Let F be a portion of space of finite volume, which is subject to a stationary 
flow into itself. In what follows, x always denotes a point of F, and integra- 
tion with respect to x is a space integration over F. If a moving particle is at 
time zero in the point x, then T\x denotes the point where it is to be found at 
time X. If Af is an arbitrary sub-set of F, then TxM will have the analogous sig- 
nificance. If the set M is Lebesgue measurable with measure 9D?(Ar) we 
assume that 

(39.01) m(TxM) = m(M) 
for all X. 

If f(x) is real and belongs to L over F, we put 

(39.02) 4>(x, *■) = /(^’xx) d\ . 

Clearly, this line integral has a sense for almost all x. Birkhoff^s theorem now 
states that as t becomes infinite, 

(39.03) lim ^ <j>{x, t) 

t—*CO t 

exists as a function of x for almost all x. 

40. The theory of transformations. This chapter concerns the study of 
certain means associated with the Brownian motion, more especially where 
these means involve a harmonic analysis in the complex domain. Our theory 
is thus an exact counterpart to the theory of almost periodic functions in the 
complex domain, as developed by Bohr and lessen. § As a necessary tool, we 

* G. D. Birkhoff, Proceedings of the National Academy of Sciences, vol. 17 (1931), pp. 
660-660. 

t A. Khintchine, Zu Birkhoff^ s Ldsung des Ergodenprohlems, Mathematische Annalen, 
vol. 107, pp. 485-488. 

t E. Hopf, Complete transitivity and the ergodic principle, Proceedings of the National 
Academy of Sciences, vol. 18 (1932), pp. 204-209. 

§ H. Bohr und B. Jessen, Ober die W erteverteilung der Riemannschen Zetafunktion, Erste 
Mitteilung, Acta Mathematica, vol. 54 (1930), pp, 31-35, Zweite Mitteilung, vol. 58 (1932), 
pp. 51-55. 
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employ the theory of unitary transformations in Hilbert space. There is a 
strong resemblance between the order of ideas here introduced and the theory 
of mixture of Eberhard Hopf,* and indeed we might make our entire theory a 
special case of his. After careful consideration, we have decided against this 
mode of presentation, which involves the substitution for the form of Hilbert 
space most directly associated with our problem, of another somewhat factitious 
one. We wish to thank Professors Hopf and Jessen more particularly for 
having pointed out the great simplification in our argument which may be 
made by an introduction of Birkhoff’s fundamental theorem. 

We have already seen that \p{x, a) has the formal trigonometric series 


(37.061) 


That is, 

1 


2rr 

(40.01) 

1 

2ir 


1 


2ir 


S pifiX 

(—log e*’""'*" 

00 

S p—inx 

^ (- log a4n+])*'=' e*'*^»+* . 

— rn 


Since the determination of the sequence {«*) is equivalent to the determina- 
tion of a, there is a one-one correspondence between a and the sequence 


(40.015) 



e*"* d\f/(Xf a) 


[n 


. , - 2 , - 1 , 0 , 1 , 2 , . . . ] . 


Now let r be a unitary transformation of Hilbert space into itself. Then 
if [<l>n{x)\ is a normal and orthogonal closed sequence, so is {T<t}n{x)] and 
{T-~'^<t>n(x)}, Let <l)n(x) = e'^V(27r)'^^; then the sequences and 

T-iptnx/^2iry^^ are normal, orthogonal, and closed. It follows from Theorem 
XLIV that if a is given, then (except at the most in a null set of cases) the 
sequences 




d^(i, a) and 


/-> 


e*"® d^(x, a) 


are determined. Let us define /9 by 


(40.02) 



e'"* #(x, p) 



Te**** a) . 


* E. Hopf, Complete transitivity and the ergodic principle. Proceedings of the National 
Academy of Sciences, vol. 18 (1932), pp. 204-209. 
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This determines /3 as a unique function of a for almost all values of a. We 
have already seen that any measurable function of an infinite set of variables 
may be approximated Li as closely as we wish by a function of a finite number 
of these variables. Any measurable function of a is a function of the variables 

/I, d\l/(xy a); and if we put 


(40.03) 



a) = (— log ^ 


where if n = 1, j = 1, A; = 2; if n > 0, j = 4n + 1, A; = 4n + 2; if 
n = — m < 0, j = 4m — 1, A; = 4m, the fiy's will be independent of one 
another and will be distributed uniformly over the interval (0, 1) (cf. (37.27)). 
It will readily follow that the integral of any function of depending only on a 
finite number of i3/s will be the same as the integral of that function with 
respect to a, and hence, by the approximation theorem just mentioned, the 
integral of any measurable function of with respect to will be the same as 
its integral with respect to a. 

Again, it follows from (40.02) that 


(40.04) j ^ an #(x, ^ j ^ «) ^ 


from which an argument such as that of Theorem XLIV' will prove that if 
F{x) belongs to L 2 , 


(40.05) 

In particular, 

(40.06) 


Fix) d^pix, 0) = T Fix) d^l^ix, a) 


/-■ 


/: 


d\p{Xj /3) = I d\l/{Xy a) 


This enables us to determine a as a unique function of 13 for almost all values 
of p. Thus T determines a transformation of a into P which is measure-pre- 
serving and which is one-one for almost all values of a and for almost all values 
of We shall write 


(40.07) 


\p{x, a) = T\p{x, P) . 


Such a transformation allows us to apply the Birkhoff theorem. The null sets 
of values of a and of /3 for which the mapping ceases to be one-one may be 
replaced by other null sets which map in a one-one manner, and which have 
no influence over Birkhoff ^s theorem. 

We now introduce the group of unitary transformations determined by the 
property Applying Birkhoff 's theorem, if 


<!> 



TFix) diPix, a) 
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is Lebesgue integrable in a, then for almost all o, 


(40.08) 


lim^ 

^-♦00 /I 




F(x) d\p{xy Of) \di 


exists. This will be the case whenever (37.26) converges absolutely. 

Now let us consider 

^f^\jf\yy‘Fix)Mx,cdyt\^da-\l^*{l_yiy)dHy,P)yfi 

= ~ dsj dtj^ T' F{x) d4'{x,a^^l^j T‘ Fiy) d\(/(.y,a^da 


Let us apply Theorem XLIV'. If we put 


F{y)d^l.(y,p)}dp\ . 


(40.091) 


Fix) \Ux=^ U, 


F(x) T-‘ Fix) di = T , 


then the right side of (40.09) becomes 


(40.092) 


j rA rA r’^ /•» r* 

— I ds J dt I dui j dvi I dui J dvi 4'(ui + ivi) #(ti* + ivt) 

r f- (wi + M* 4- p? + Vj) 1/ + 2(uiti* + ViPj) 91(7) 1 

exp 4- 2 (miPs - utVi) 3(7) 


t/2 _ |7|j 

4xMt/*- |7|*] 


j~ - (mi + 4- p? + fp j 


4x«f/* 


Let us suppose that 4> is subject to conditions which make 

/ •» /•«> r* r» 

du\ I dvi I dih I dt>i 4'(«i + ivi) $(ui + ivt) 
» y-«> y-« J-« 


(40.093) 


iu\ + ul+v\ + vl) U + 2(«itt» 4- PiPj) 91(7) 


+ 2(ui»j - ViUt) 3(7) 


l/»- |7|« 
4 t‘[ L'*- |7|*) 
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r (^ 1 + + •’i + •'i)! 
"^pL~ u ~J 


4ir*U^ 


bounded if U <P, |F|<Q<P. Then if 


(40.094) 
we shall have 


lira r 
u-*00 J—r 


F{x) r“ F{x) dx = 0 , 


lim / I -j / f T‘ F(x) dtf'ix, a)\dt 
A~*'» Jq \ ^ Jo W-ir ) 

2TrU j |P(x)|*dxJ Idul da 

roo rao roo rao 

= lim / dui / dui I dvi I dvt 'I>(m] + iv,) i>(ut + ivt) 


(40.095) 


(uf + Mj + t;, + t>j) + 2(uiU2 + riVj) dt(B) 

-f- 2(Ui Dj — 3f(P) 

47rU/Hl -IPI^*) 


iu\ -|- + t'i) ^ 


Thus by (40.08) and the fact that a limit and a limit in the mean of the same 
function differ at most over a null set of arguments, we have for almost all a, 


(40.096) 


lim jJ 4>|j T‘F{x)di(x,a)'jdi 


~ j d$ e““ '!> |e’’ 2 tu j \ F{x) | ® dx | du . 


For example, if (40.05) holds, we have for almost all a, 


(40.097) 


lim / j T‘ Fix) d-4/{x, a) dt 
^-400 2 A J-A J-v 


r (l + j_ I I* • 


This result is a special case of the following one, which may be proved by 
the same method: 
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Theoeem XLVIII. Let Fi(x), • • • , Fn{x) be a set of functions of Lt, and let 
T‘ be a linear group of unitary transformations with the property that for all m 
and n, 


(40.098) 
Then if 
(40.10) 


Urn FM{x)TFnix)dx = 0. 

(-»ao J—r 


i: 


Fi(x) d\f(x, a) , ■ ■ ■ , j Fn{x) d}l/(x, a) 
is Lebesgue integrable with respect to a, 

lim j IJ' r Flix) drl^{x,a) , . • • , T' Fsix) d^{x, a)|d( 


(40.11) 


for almost all a, 

A particularly important transformation group is the group of all trans- 
lations on the infinite line. A group of transformations on (— tt, tt) isomorphic 
with this under the transformation y = tan {x/2) is defined as follows: let us put 

(40 12) F{x) = 2“^/V(tan(a:/2)) sec {x/2 ) ; G{x) = 2~^/2^(tan(a;/2)) sec {x/2) ; 

and 

(40.13) r F{x) ^ /(tan(x/2) + i) &ec{x/2 ) . 

The group in question is manifestly unitary. If now F{x) and G{x) are any 
two functions belonging to Ls, we shall have 

(40.14) lim [ F{x) T G{x) dx = lim f jf(^) + t)d^ = 0. 

t— 00 J-r 00 y-oo 

Let us here introduce the notation 

(40.15) j/ Fix) dHx, a) = fiO d^(£, a) . 

We shall formally have 

I F{x) d\p{xj a) = I /(tan(a:/2)) sec (x/2) d\f/{x, a) 

(40.16) 

= / 2-‘«/({) (1 + {*)•« d^(2 tan-i a) . 
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(40.17) 


(1 + ri^y^ d<P{2 tan-* v , «) 

r tan ({/2i 

Jo 


2~i/2sec {x/2) d\p{zy a) 
in accordance with this notation, we shall be consistent. We shall have 

r F{x) mx, a) = j + 0 (1 + ey^d^f^(2 tan-' a) 


(40.18) 


=/.: 


fi^ + t)dH^,a) , 


which we may reasonably write 

(40.19) j M a) . 


By Theorem XLVIII, if 

re'’''^di{x, a),--- , j' re'’'<<^di{x,a))dl 


is any functional of a) which depends only on a finite number of Fourier 
coefficients of a) and is integrable with regard to a, we shall have for 
almost all a 


(40.20) 


lim j T‘ e-"-' #(x, a), ■■■ ,J’ T‘ c"*" d^(x, a)| dt 

= lim J «t>|y " e-'" df-' Mx, a),-- - , j' e’"*" d7^‘ ^(x, a)| , 


which is equal to a fixed value independent of a, for almost all a. Now, we 
have seen that every functional of ^(x, a) which is a continuous function of a is 
the uniform limit of a sequence of integrable functionals depending only on a 
finite set of Fourier coefficients of ^(x, a), and any integrable function of a is 
except for a set of values of a of arbitrarily small measure the uniform limit of 
a sequence of continuous functions. From this we obtain at once 


Theorem XLIX. Let he defined as in (40.12) and (40.13). Let i5(^(x, a)) 
he any functional of \l/{Zf a) which is integrable with respect to a. Then for almost 
all Of, 

(40.21) 5(^(I + t, a)) dt 

— ► so to the limit fl 8(i^(x, a)) da. 


tends as N 
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41. The harmonic analysis of random functions. Let /(x + iy) be an analytic 
function such that (1 + x^)/(x + iy) and (1 + \x\)f{z iy) belong uniformly 
to L 2 over a < y < b. For any enumerable set of y’^ and almost all a’s, we 
shall have as a consequence of Theorem XLIX, 

/v-400 ^ly J—N 1 y-oo 1 

= f dal f a) I 


da / T^[2~^^^f{tan{u/2) + x + iy) sec(u/2)] d^(w, a) 


(41.01) = ™ / de 

2t J—, 0 


X 27ru / 1 2~^/^/(tan(t/;/2) + x -f- iy) Qeciw/2) dw du 


~ Id ^ 


In exactly the same way, if a g j/o < J/i ^ h, we shall have 


(41.02) 


lim^ r dx f' 
N-*oo 2N J~N J yo 


vi r* 

, ■'‘'ll 


fi^ + iy) a) 


= 27r / dy \m + iy)\^di. 


Furthermore, 


f(^ + x + iy) dM(, a) 


(41.03) 


2-‘'V(« + a: + iy) (1 + {*)*« #(2 tan-‘ f, a) 


2 (u/2) + X + iy) sec (m/2) #(u, a) 


^(w, a) ^ (2-‘'*/(fan (m/2) x + iy) sec (m/2)) 


converges absolutely and uniformly for almost all a since ^ is bounded and 
continuous, and thus (41.03) is analytic over a < y < b. 
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By Cauchy’s theorem and the Schwarz inequality 


(41.04) 




(U 

Jc X 


fi^ + x + iy) a) 


xo + tiy - yo) 


j fi^ + Xo + iyo) d'l'ii, a) j 


where r is the radius of the circle C, and 6 is the angle subtended at the center 
of this circle. A comparison with (41.01) will show that uniformly in x over 
a + €<y<6-€, 


(41.05) 


Urn 

N-~*cc 


1 

2N 



fix + ^ + iy) d^{^, a) 


< const. 


Furthermore, along any finite or denumerable set of abscissae, for almost all a, 
by Theorem XLVIII, 


(41.06) 


lim / dx\ [ f(i + x + iy + <) d4'(f, a) [ f(^ + x + iy) d4'({, a)l 
7-_»ooZi J- T Ly-* J-^ J 

= 2v j /(^ -f iy + () /({ -|- iy) d( . 


Thus by the results of chapter VIII, 


/: 


f(x + iy) d^{x, a) 


belongs to S' over a < y < b for almost all a and is bounded over any interval 
yo ^ y ^ yi- Thus it follows that (41.01) holds for every y in (i/o, 2/i) for 
almost every a. 

Let us suppose that 

(41.07) /(z) = l.i.m.;i f\iu)e''“du 

A-^co ^TT J-A 


along each abscissa for a < y < 6. It will then follow from (34.40) of chapter 
VIII that for almost all a, all t, and all y in (yo, yO, 


(41.08) 


I fi^ + x + iy + t)d<f'{^,a) [ /(^ -f x -1- iy) d4'({, a) 
j—T Ly-® y— « 


2ir 



2 giut-uy (iy 
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42. The zeros of a random function. Let /(x + iy) have the properties 
attributed to it in the last section. Then we shall have by Theorem XLIX 


(42.01) 


lim T^fdx dy log / /({ + 3: + iy) a) 
A-^cc J~A J Vo y— 00 


= j du 1 dy log I 27ru / | f{x -f- iy) P dx 


Jl/2 I 


Accordingly, for any C 

dx j dy j log I y /(f + a: + iy) 
It also follows from the properties of a harmonic function that 


dx / dy log / /(f + a; + iy) dM^, a) = 0 . 


lim — I dx dy log / /(S + x + iy) d'Kf, a) 

^-*oc J~A J Vo I -/-oo 


—00 

r(i/i-vo)/2 


(42.03) 


lim :r-r / dx2 
2A J 


+ ^4- +re")d'I'({,a) de. 

On the other hand, let <i){z) be bounded over i 3 ( 2 ) | ^ a and measurable in 
5R(z) and 3 ( 2 ). By the transformation of polar into Cartesian coordinates, 


Vi - Vo 
2 


) 2 111: 

-r2 


(42.04) 


~ f dx 2 f ^ dr f 4>{x -f r e^^) dS 

2A J~A Jo 2 tc Jq 


1 rdxi (“d, 

2AL irU ^ 




J-^A J- a 

The change of variables = x + $ will reduce this to 


4>{x + ^ + iv) [a* - e - d{ . 


|a»-,21>/> fA+i 

d$ / (t>{w + iri) [a* — ^ dw 


2A TT j-Ia3-,s]l/3 

~ j 




IT 


[a* - e - dj 


(42.041) 


+ 5 

.)i/t 

d{ 

fA+i 

/ + tT?) [a®— 

TT 

/-I a 


)a 

+ - 
TT 





d£ 

I </>(w + iv) [a^ — 

J-A-i 


2 _ ,2 -1/2 dw 


' 2^ L /-! 


^(20 + iv) du) -f- R , 
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(42.042) 


R I ^ const. ^ / dv - e - 

2 A J-a J-[a'-i,-‘]''' 


^ const. . 


(42.043) 


— / dx2 j [a* — r^] r dr ^ / 4>{x + r e‘*) dd 

2A J-A Jo 2jr Jo 

~ j i 0 {A~^) . 


If we combine this with (42.02), we get 


Vl “ l / o )/2 


lim ^ / dx2 

A-*oo J—A 




(42.05) 


log [ /(i + ^ + ^ + r eA a) d{ 


r/(i + » + *^2 


2 1 1/2 
dx 


e~'‘ du dy \ log \ 2 k u I | f(x + iy) | * dx 


iiyo + Vi) 


- log 22 r w / \f(x + 


1 / ’'■ 
2 L 


dy log 


f(x + 


I fix + iy) I * dx 
, iiyo + J/i)\ h 


On the other hand, by Jensen's theorem, if + irjn are the zeros of 
/-« /(^ + z) di^i^, a) in the strip yo ^ Siz) ^ J/i , 


^ /oo'^O ^ ^ + r eA d4'({, a) d0 


(42.06) 


- log / /U + a; + 


= 2 / {'■ - ^) * + (’ 7 » - 

d(r) I* 1 - ' 


*(2/0 "b yi)\ 
-2 J 


d^i^, a) 


yp + 2/1 
2 


where J(r) is the region characterized by 


(42.061) 


(J.-»)' + (,.-»i 4 i/')’sr.. 
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Thus 


1 /"•" 

2 A. 


dy log 



[ \fix + iy) 1 ® dx 

f—ao 

\ l : 

/(« + •''''• + *''*) 

2 

da: 


(42.07) 


2A 

^—*00 


hfyi 


{Vi-~Vq)/2 


r dr 


[((yi - 2 /o)/2)» - 


Let us put 
(42.071) 




== Pn 


Then the left side of (42.07) becomes 


(42.072) lim ^ 


Now let us make use of the formula 
r r 

L 

(42.08) 


dr 




— h6-e-')'V('-ir] 

If we substitute this in (42.07-42.072), we get 

J lf(^ + iy)Ydx 


(42.09) 


= hm^ f dx 2 
^-.^A J-A J'((yj-„„)/2) 


yo - yi 


'-[■^-(*^■‘■-01 
*[' - sA - Jl - 


Let us now invert the order of summation, and integration. The boundaries 
of our combined integration and summation mean that x lies between —A 
and A , and that (^„, rjn) lies within a circle of radius | (yi — yo) about (z, I (yo + yO) . 
This implies that lies between limits depending on rjny but intermediate 
between (-Ad- l(yi — yo), A — ^(yi — yo)) and (—A — Kyi — yo)i 
^ Kyi — yo)). Furthermore, the integrand of (42.09) is always positive. 
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Since the limit in (42.09) exists, we shall get the same limit if we replace A 
by .A ± — yo), which bears a ratio to A tending to 1 as j 4 — ♦ » . Accord- 

ingly, if we take the range of to be from — A to A, we shall not modify the 
limit in (42.09). The point {x, ^(yo -f- yO) then lies within a circle K of radius 
i(j/i — yo) about ({«, tin). The left side of (42.09) becomes accordingly 


(42.091) 



( (yt - yo)^ _ lY'* 

V 4 p* / . 



4Pn^ 

(yi - yo)^ 



dx. 


Let us now put u = {„ — a;, and carry out an integration by parts. The right 
side of (42.09) becomes 

S / «, I ». \ 21 i /2 


(42.092) lim 


J S / 

^ lUKA 




2/1 - 2/0 


du , 


where L is the interior of the circle 

2/0 + 2/1 




If we now put 
(42.093) 


w 




this gives us for the right side of (42.09) 
2 ^ 


lim 


(42.094) 


1^ 


r(vi-V0)/2 { 


J|i?n~(V0+Vl)/2! V 

\ 2 / J 




w 


We now make use of the formula 
(4i.l0) 


[(x^ - qW - a:*)]"* 7 i (P - 3)’ • 


Then the right side of (42.09) becomes 


IttKAL 


yi - yo 




yo -b j/i 


IT 


= T lim ^ 2 smaller of (ij« - yo)* , (i?« - yO* , 


(42.11) 
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which always exists if 2/0 and y\ are interior to the interval a < y < b over any 
interior interval of which f{x + iy) uniformly belongs to L 2 and satisfies the 
conditions following (41.06) in the last section. Over a+e<y<6— ewe 
have uniformly 


(42.12) y) 1 < Gomi. (yi - yo ) , 

in accordance with (42.09) and (42.11), since (r/n — yoY > (vn — yiY > 
A further result of these formulas is 


J_ 

27re 


j I /(a: + iy) I * dx 


fn rvo+n ux 

/ + / rrTT T-\- — 

(7-00 1 \ 2 / ^ 


(42.13) 




2 (21,1 - 2y, + e) + ^ (2>;“ + 22/o - t) 






* / . i.. I , . * I ...I .. . 1 


Here {{*„ + are the zeros of /(J + 2 ) a) in 


U» + Wn] are the zeros in (yc + <, UVo + yO); {?'” + *Vn 1 are the zeros in 
(yo, yo + t), and + fVn 1 are the zeros in (yi - e, yi). 

Let us remember that 


(42.14) J lf(^+iy)l^dx = ^J I <^(u) I* du , 
which is continuous in y, and that 

(42.15) ^ f \f(x -\-iy)\^dx = - - I u\ <t>iu) 1* du . 

ay j__oo TT ^-00 

It follows then from (42.13), if we let €-^0 and take (42.12) into consideration, 
that 


/ oo Too 

I fix + iyo) l^dx I fix + iyi) |* dx 

'"LXX- •%)!■-]’ 


= lim 

.4 — *00 


2A 


S (n\-yd+ 2 W-W 


(42.16) 
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Now let us replace yo by j/o + « and yi by j/i — t. We have 

j j I /(a: + i(yo + «)) I* dx I fix + iiyi - «)) dx 




(42.161) 


= lim ^1“ ^ (nl. — yi + t) 4- ^ iv"n — 2/0 — t) [ , 






where {{*„ + iy„\ represents the zeros of /!!„ /({ + z) d4'(J, a) in i(yo + 2/0 ^ 
3(z) S 2/1 - «.and + ii)l ] represents the zeros in (2/0 + e, i(2/o + 2/OX If 
we interpret ( + ti?’”) and + irf^} as above, we see that 




i: 


/ oo Too 

I fix + iyo) l^dx I /(a; + iyi) | ^ dx 

■00 J— 00 

I fix + tiyo + «)) J I + *Xyi - «)) I ^ dx 


(42.162) 


= lim 
^-♦00 



2A 

As before, by the use of (42.12), 

S 1 


S 1 + 2 1 

|U|<^ |<n|<^ 

+ ^{ S + s (Vn-yo-*) 




(42.163) 


lUK^ 

. / I /(* + *(2/0 + «)) I* dx 

= lim -i- log 

j_»o 47r€ 




+ *(2/1 - «)) |*da; 


4_, /•» /•» 

/ I /(a; + *2/0) \‘dx \fix iyi) | * dx 
J^co J~to 


Thus by (42.15) and (42.14), 


(42.17) 


Air 


j — 2m I 4>iu) I * e *“*'1 da J — 2u | tf>iu) \ 

r \<t>iu) I 

\ J—ao 


2 du 


2 du 


\ 

I \ du 

y-oo ^ 
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We may then state our result as 
Theorem L. Let 


/: 


(1 + I®) * |/(x + iy) ! ® dx < const. (a < y < b) , 


(1 -f- X*) j /'(x -f iy) I ® dx < const. (a < y < b) 


<42.18) 
and 

(42.19) 

Let 

(42.20) /(z) = l.i.m. ^ ( fj>{u) e"“ du 
along each abscissa in a < y < b. Then the number of zeros of 


/: 


(42.21) 


/: 


/(f + z) dHi , «) 


in the strip ya < 3'(z) < Vi (a < yo < yi < b) between the abscissas — A and A 
is asymptotically 


(42.22) 


i: 


2m I 4>{u) j ® du j 2n\ <j>iu) | ® e"®”**! du 


2ir 


I/: 


I ® e du 


i: 


<p(u) I 2 


This theorem forms the exact counterpart for random functions of certain 
recent theorems of Bohr and Jessen for almost periodic functions.* The two 
classes of theorems depend on a use of Jensen’s formula. Jessen uses a special 
Jensen formula for the zeros on an infinite strip, which involves means, and 
may be proved by arguments approximating to such a region by the region 
between two circles on the conformal map of such a region. We use the classical 
Jensen formula, integrating it with respect to parameters determining the 
center of the radius of the circle to which it applies. It is believed that our 
methods can be applied directly to the type of problem studied by Bohr and 
Jessen. 


* Cf. note by B. Jesaen, to appear in the Journal of Mathematics and Physics of the 
Massachusetts Institute of Technology. 
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